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ABSTRACT

This paper studies the impact of size-discovery trading protocols on allocative efficiency in
markets with discrete trading. I use a dynamic-discrete-trading model with imperfect competition
that sequentially offers a size or price-discovery trading session. The frequency at which trade
occurs drives the sign of the effect of size-discovery protocols on the market’s allocative efficiency.
This changes the policy implications of the prior bifurcated academic results and rationalizes why
size-discovery protocols only exist in slower markets. Finally, potential conflicts of interest between
traders and platform operators are identified but seem unlikely to drive the existence of size-

discovery trading protocols.
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I. Introduction

Size-discovery trading protocols allow trade at a fized (frozen) price, regardless of the quantity
exchanged, but do not guarantee execution. In contrast, price-discovery trading protocols, such as
the popular limit order book, set the price so that the market clears (marketable orders matching
with open limit orders). This dichotomy of clearing on price versus quantity is becoming increasingly
popular in financial marketsﬂ As the electronification of markets increases across many asset
classes, Tradeweb and MarketAxess have introduced size-discovery trading protocols in the past
three years. |Collin-Dufresne et al. (2020) finds that nearly 75% of the interdealer volume of index
CDS products is conducted by size-discovery protocols on GFI's SEF.

Despite the growing prevalence of size-discovery trading protocols, recent academic work has
called into question the net impact of size-discovery trading protocols on the allocative efficiency of
markets. Antill and Duffie] (2020)) study the allocative efficiency of a market design where size and
price-discovery mechanisms occur sequentially, competition is imperfect, and trade is continuous.
They find that the existence of a size-discovery trading mechanism strictly lowers the welfare of
traders (allocative efficiency of the market). Antill and Duffie (2020)) conclude that size-discovery
sessions exist from a coordination failure as all traders would be better off colluding to not trade
during them (prisoner’s dilemma), yet it may still benefit platform operators who may not care
directly about the allocative efficiency. However, the empirical reality is that size-discovery trading
sessions play an essential role in some asset classes but fail to exist in othersﬂ Practitioners and
regulators also believe in their usefulness. J. Christopher Giancarl(ﬂ stated in a white paper that
“It is believed that the work-up process increases wholesale trading liquidity in certain OTC swaps
by as much as 50 percent.” (Giancarlo, 2015)E| Prior theoretical works fail to explain the existence,

or lack thereof, of size-discovery trading protocols across asset classes. This paper will fill that gap

Various forms of size-discovery trading protocols (work-ups, matching sessions, and block-crossing dark pools)
can be found in equity, U.S. Treasury, CDS, corporate bond, and interest-rate swap markets.

ZDuffie and Zhul (2017) find that an initial work-up trading session followed by price-discovery trading sessions
would always benefit the allocative efficiency of the market. However, they miss a critical strategic cost of traders
delaying trade to wait for better trading terms due to the presence of a size-discovery trading session, which is
addressed in [Antill and Duffie| (2020).

3Commissioner and 13" Chairman of the CFTC

“Giancarlo further stated as Chairman of the Wholesale Market Brokers’ Association, Americas (WMBAA) that
“This letter provides additional information on the concept of “work-up” and explains its vital role in liquidity
formation in OTC swaps markets. ... The WMBAA believes that prohibiting “work-up” will have significantly
harmful implications for OTC swaps markets, to the detriment of market participants in the form of wider bid-ask
spreads, less trading volume, and less transparent price discovery.”[ WMBAA| (2012])



by providing a rationale for the heterogeneity in existence across different markets.

I use a dynamic model where trade occurs at discrete times, with imperfect competition and
adverse selection’| Rational traders break up their orders over time to minimize the trading costs
incurred when competition is imperfect. Therefore, price-impact avoidance slows trade creating
socially costly delays (Vayanos, 1999; Du and Zhu, 2017). Size-discovery trading protocols allow
for trading sessions that do not have a price impact, allowing traders to be very aggressive. Nev-
ertheless, the desire to further break up orders during price-discovery trading sessions to wait for
size-discovery sessions could offset the allocative efficiency gains from when a size-discovery session
does occur. Discretizing trade is the critical economic mechanism for when the allocative efficiency
of the markets is improved or harmed by the presence of size-discovery trading protocols. As
trading sessions become more frequent, traders have more flexibility in trading, which results in
smaller trades per session. However, there is an indirect effect that traders rationally anticipate
other traders doing the same. Therefore, market depth is lowered, and price impact increases,
which creates a further incentive to break up the orders and wait for better trading terms in a
size-discovery session, and this logic repeats. Therefore, welfare loss due to strategic actions in-
creases in the trading frequency and is maximized when trading becomes Continuousﬁ A threshold
trading frequency always exists such that a size-discovery mechanism improves traders’ welfare for
any trading frequency slower than the threshold value. This result rationalizes the existence of
size-discovery trading sessions on platforms in markets with a slower trading frequency (interdealer
segments of U.S. Treasuries, index CDS, interest-rate swaps, and corporate bonds)ﬂ than markets
with a very high trading frequency (equities and futures). Interdealer markets not only tend to
have a lower trading frequency, which is associated with a higher allocative efficiency in the model
but also tend to have less adverse selection, which is also positively associated with the strategic

behavior leading to slower trading and loss in allocative efficiency.

JAntill and Duffie| (2020) is a limiting case of this model where trade occurs continuously, and there is no adverse
selection.

9Vayanos (1999) also shows, in a market without size-discovery mechanisms, that the welfare loss of traders due
to the strategic avoidance of price impact is at its maximum when trade is continuous. In|Du and Zhu| (2017)), the
optimal trading frequency in a market with only price-discovery sessions is only continuous as the number of traders
diverges due to this logic.

Collin-Dufresne et al.| (2020) document that 5-year IG and HY NA index CDSs average 17 transactions (a
transaction every 35 minutes) a day on GFI’s Swap Exchange, the leading swap exchange facility for dealers. [Fleming
and Nguyen| (2018)) document that the 5-year on-the-run U.S. Treasury averages about 2,700 transactions a day (a
transaction every 32 seconds) on BrokerTec, the largest trading platform of the interdealer segment (ADV of $120
billion in 2015).



A second empirical observation that differs across exchanges is what fixed price to use during the
size-discovery sessions. Some exchanges use the prior price transacted at during a price-discovery
session, as in work-up sessions, and this is the main model of this paper. Others use a price
from a different exchange, usually the midpoint. Still, others use what seems to be an exogenous
price set by the platform operator that has been conjectured to be set to maximize trade volume.
An extension of the model where the price used during the size-discovery session is exogenously
supplied, as in matching sessions, which eliminates the strategic effect of extra demand during the
price-discovery sessions, adversely affecting the price the size-discovery session operates, shows that
welfare is always improved by having the addition of size-discovery sessions. The socially costly
strategic delay is more than offset by the ability to be much more aggressive during size-discovery
sessions. This provides a new rationale for platform operators to provide the price exogenously
instead of relying on a market price. However, exogenously supplying a price may be very costly
for platform operators in some asset classes, which helps rationalize why not all markets would add
matching sessions despite their strict improvement in allocative efficiency.

In reality, a social planner does not design markets, but a profit-maximizing platform operator
whose incentives may not perfectly correlate with those of the traders and, therefore, could rational-
ize the existence of size-discovery mechanisms despite the potential harm to traders, as conjectured
by |Antill and Dufhie (2020)). To help formalize and asses the viability of the potential conflict of
interest between traders and a platform operator, a first step is added to the model where the
platform operator gets to choose to offer size-discovery trading sessions alongside price-discovery
trading sessions or just the price-discovery trading sessions as to maximize the expected volume
traded over the expected lifetime of the market. When the size-discovery session is modeled as a
work-up session, there is a potential conflict of interest between traders and the platform operator;
this conflict of interest does not exist when the size-discovery session is modeled as a matching
session. When trade is continuous, as in |Antill and Duffie| (2020), a platform operator would never
offer a size-discovery trading protocol. These new results provide a theoretical rationale to match
the reality of size-discovery trading sessions.

This paper uses a dynamic-discrete-trading model with a finite number of traders who have
asymmetric information about the asset’s fundamental value to study the effects augmenting a price-

discovery trading session with randomly occurring size-discovery trading sessions. The baseline



model will have the fixed price used in the size-discovery session be the most recent price that
cleared the market in the price-discovery sessiorﬁ In subsequent settings, the fixed price used in
the size-discovery session is set by a platform operatorﬂ As traders know they can trade without
price impact when a size-discovery session occurs, they shade their submitted demand schedules
in price-discovery sessions than in a market without size-discovery mechanisms. Therefore, the
market depth is lowered, which amplifies the price impact associated with price-discovery trading
due to the possibility of size-discovery sessions. This gives traders a further incentive to wait for
size-discovery sessions to trade. However, the traders trade very aggressively during size-discovery
sessions, as they do not internalize any price impact. This extra aggressiveness in trading due to
the lack of price impact during size-discovery sessions more than offsets the welfare cost of the
induced strategic delaym Therefore, if the price used in size-discovery sessions were unrelated
to a trader’s trading in price-discovery sessions, as in matching sessions, welfare would always be
improved by having randomly occurring size-discovery sessions. However, there is also a secondary
negative welfare effect when the price used in a size-discovery trading session is the prior price-
discovery trading session, as in work-ups. Given that the size-discovery session uses the price from
the previous price-discovery session, traders submit even less aggressive demand schedules during
price-discovery sessions to avoid causing the size-discovery session to occur at a less favorable
price. However, these incentives are sufficiently small in markets with relatively discrete trading
frequencies, where market depth is minimally impacted; yet, traders are still much more aggressive
in the size-discovery session. Therefore, when the market is sufficiently slow, adding work-ups to
the market design still improves the market’s allocative efficiency (traders’ welfare). Finally, prices
during price-discovery sessions are invariant to adding size-discovery sessions.

In the last part of the paper, I empirically examine the model’s results. First, the model

is calibrated to different interdealer trading platforms with size-discovery trading sessions. The

8This setting best matches size-discovery trading protocols known as work-ups, where volume is “worked up” at
the fixed price from the prior transaction on the limit order book for a short amount of time. This type of trading
mechanism can be found in the interdealer segment of the secondary market for U.S. government securities, the index
CDS, and electronic corporate bond markets.

9This setting best matches size-discovery trading protocols known as matching sessions. Matching sessions are
initiated by the platform operator, who specifies the trading session’s length and the fixed price at which orders are
matched. This type of trading mechanism can be found in the interdealer segment of the index CDS and interest-rate
swap market.

10As shown in |Antill and Duffie| (2020)), when trading becomes continuous, these two welfare effects exactly offset
each other.



existence of work-up trading sessions on BrokerTec, in an interdealer segment of on-the-run U.S.
Treasuries, shows a decrease in volume and allocative efficiency, all else equal, due to having work-
ups because of the high trading frequency and a small number of traders. This matches the fact
that BrokerTec stopped offering the work-up protocol in 2021 after being acquired by the CME
Group. However, for a platform that trades index CDSs, the allocative efficiency and volume are
both increased by the presence of work-up trading sessions. Trading platforms with matching
sessions substantially increase the allocative efficiency and total volume traded in market designs
that supplement limit-order books or electronic requests for quotes with matching sessions. None of
the calibrations suggest a conflict of interest between a platform operator and traders to explain the
existence of size-discovery trading sessions, as posited by |Antill and Duffie (2020). The calibrations
help explain the popularity of size-discovery trading sessions in certain markets due to the large
increase in the allocative efficiency and trading volume it induces. Finally, in a case study, when
BrokerTec stopped offering a work-up protocol due to being integrated with the CME Group’s
Globex platform, their main competitor, eSpeed, which offers a work-up protocol, saw a large
increase in the average daily volume (ADV), while BrokerTec’s ADV substantially decreased. This
result is consistent with the hypothesis that traders substituted from BrokerTec to eSpeed to
take advantage of the allocative efficiency benefits of the work-up process and inconsistent with a

coordination failure between traders.
II. Background']

Size-discovery trading sessions have become prominent additions to trading platforms in mul-
tiple asset classes. Types of size-discovery trading sessions in practice include work-ups, matching
sessions, and block-crossing dark pools. A work-up is a trading session that opens up after a trans-
action on a limit-order book where the price is fixed at the last executed price, allowing traders to
‘work up’ volume at that price. Trade continues until there is an idle in trading or a new marketable
order appears on the limit-order book. Work-up sessions can be found in the interdealer segment of
on-the-run Treasury, index CDS, and interest-rate swap markets, as well as all-to-all trading in cor-
porate bonds. Matching sessions are similar to work-ups but tend to be less frequent and last longer

as the assets traded on them are typically thinner markets (corporate bonds, CDSs, interest-rate

"Duffie and Zhu| (2017) and |Antill and Duffie (2020) have detailed overviews of size-discovery trading mechanisms
in practice.



swaps). Given the electronification happening in these markets (Riggs et al., |2020; Collin-Dufresne
et al., 2020; O’Hara and Zhou, 2021), it is not surprising to find new market mechanisms arising to
help liquidity issues. More importantly, matching sessions operate at a price chosen by the platform
operatorE Block-crossing dark pools are exchanges that trade equities by matching orders at some
fixed price, usually between the most current bid and ask on some limit-order book. Block-crossing
dark pools tend to operate continuously, and orders can be submitted and fulfilled at any time as
long as there is someone on the other side of the trade. Block-crossing dark pools are usually found
in equity markets. The key common feature of work-ups, matching sessions, and block-crossing
dark pools that are modeled in this paper is that the price is fized by some mechanism that allows
unlimited trade at that price, assuming a counterparty is willing to trade. This type of trading
session allows trade without any direct price impact but does increase execution risk.

Size-discovery mechanisms are economically important. In 2018, the average daily volume
(ADV) for on-the-run US Treasury securities was $362 billion, with 52% traded electronically in
the electronic interdealer segment (Brain et al., 2018). In 2015, BrokerTec, which encompasses
75% of the electronic interdealer market, had an ADV of $120 billion with work-ups accounting for
43% to 56% of the trading volume (Fleming and Nguyen| [2018). In 2018, BrokerTec was bought
by the CME Group, and when the CME Group merged the BrokerTec platform with their current
trading system, CME Globex, for uniformity, they dropped the work-up protocol in January 2021.
eSpeed, which is now owned by Tradeweb, the other trading platform in the interdealer market for
US Treasuries, continues to use a work-up trading protocol. In the empirical section of this paper,
Section [VIB] there is a strong shift in volume away from BrokerTec and to eSpeed since 2021. This
substitution effect anecdotally shows the importance of the work-up protocol to traders.

In the corporate bond market, for example, Market Axess started offering in late 2020 bi-weekly
matching sessions for US Investment grade, high yield, and European bonds called Mid-X, where
trade occurred at a fixed mid-point price determined by a ‘composite trading tool’ (Barnes, |2020,
2022)). Traders submit orders with a direction and size, and then at a specified time, an algorithm

matches all orders possible. MarketAxess acknowledges that this protocol saves on cost and helps

12GFI's SEF bases the price for a matching session off one or any combination of: “(i) prices of transactions,
executable or indicative bids or offers or historical prices on the Trading Platform, other swap execution facilities
or markets; (ii) prices derived from transactions, executable or indicative bids or offers or historical prices on the
Trading Platform, other swap execution facilities or markets; and (iii) the views of active market participants.” |GFI
(2022))



offload risk in a more efficient way, but at the price of immediacy, as traders must wait for these
sessions to occur. This paper will dive into the incentives this creates and the net effect it creates
on the allocative efficiency of markets like this oneE Matching sessions can also be found on some
platforms that trade corporate bondﬁ

Collin-Dufresne et al.| (2020)) find that 73.5% of the trade volume of CDS high-yield index
products is conducted by work-ups and matching sessions on GFI's SEF. Some interest-rate swap
markets also use matching sessions, especially when the product is more standardized. There is a
stark lack of empirical academic work on the role size-discovery protocols play in the interest-rate
swap marketﬁ Finally, as of November 2022, Rosenblatt Securities finds that 13.9% of US equity
volume was conducted in dark pools.

Given the economic importance of these markets and the dollar volume traded through these
differing protocols, academics, regulators, and practitioners have worried and debated the effects of
size-discovery protocols on the price formation process and allocative efficiency. However, empirical
and theoretical research is still not definitive. Most empirical work focuses on equity markets despite
larger percentages of the total trading and dollar volume occurring through size-discovery trading
protocols in other asset classes. Degryse et al.|(2014) find that a one-standard-deviation increase
in trading on dark markets reduces the lit exchange’s market depth for that stock by 5.5% for
Dutch equities. Other research, such as Farley et al| (2018) and Buti et al. (2022)), find that dark
trading has zero or a positive effect on the lit market’s depth. Consistent with the idea that traders
use size-discovery markets to take advantage of private information, |[Fleming and Nguyen| (2018)
find that for U.S. Treasuries, on days where private information due to proprietary client order
flow information is more likely, work-up trades become more informative. On days when public
information is more likely, work-up trades become less informative. Despite the ongoing research,
the European Union enacted new rules that cap the volume allowed to be transacted on dark
exchanges in January 2018 through the Markets in Financial Instruments Directive IT (MiFiD II).

However, Johann et al.| (2019)) found that following this directive, this volume was merely shifted

13Market Axess also recently added work-ups to their limit order book trading for their Live Markets platform
(Market Axess,, [2023).

MISIFMA| (2016)) interviewed 19 electronic bond trading platforms and found 8 had matching session protocols
(TruMid, GFI, Latium, ICAP, Liquidity Finance, Electronifie, ITG POSIT FI, Codestreet Dealer Pool).

Y Tradeweb| (2014), BGC| (2016)) /Tradition| (2021), and |GFI| (2022) discuss platforms that trade interest rate swaps
and WMBAA| (2012)) and |Giancarlo| (2015) discuss the importance of these trading protocols in this market.



to “quasi-dark” mechanisms, making the directive mostly ineffective.

From a theoretical viewpoint, several academics have built models to study the effects of size-
discovery mechanisms on market efficiency. Zhu| (2013)) builds a two-period model where, in equilib-
rium, informed traders prefer lit markets to avoid the execution risk, whereas the liquidity traders
prefer the dark market (a size-discovery mechanism) to avoid paying both the spread and the ad-
verse selection of the lit market. Therefore, prices are more informative as all informed traders trade
on the lit exchange, and the liquidity traders do not influence the lit price. My model differs by
using a dynamic setting, which allows traders to participate in price and size-discovery mechanisms
across multiple periods, which minimizes the fear of execution risk in the size-discovery trading
sessions and features imperfect competition. My model does not have both trading mechanisms
operating simultaneously but sequentially to better fit the market structure of other asset classes
than equities. [Vayanos| (1999) shows that due to traders internalizing their price impact, they
become less aggressive in trading, which causes a socially wasteful delay in reaching their desired
inventory position, even if trading is continuous. Duffie and Zhu| (2017)) focus on the allocative
efficiency in the interdealer market when considering a size-discovery session at the beginning of
trading. They find that this dramatically improves allocative efficiency. However, their model does
not consider the strategic delay, and therefore cost, in allocative efficiency that would occur if a size-
discovery session happened at any other time than before the price-discovery trading begins. This
is addressed by |Antill and Dufhie (2020)), who find that |Duffie and Zhu! (2017) is the singular special
case where allocative efficiency increases when a size-discovery session is included in the model. If
a size-discovery session occurred at any time other than before the price-discovery trading begins
and trading is continuous, the strategic delay it would induce in traders outweighs the allocative
efficiency gains traders receive when size-discovery sessions occur. |Antill and Duffie (2020) findings
are intuitively troublesome as the existence and widespread prevalence of size-discovery mechanisms
in some financial markets seemingly indicate that traders are finding allocative efficiency gains in
more than the singular special case unless there is a conflict of interest between platform opera-
tors and traders. My paper differs by discretizing trading to better match the trading frequency
of the markets of interest, adding asymmetric information, to account for proprietary client flow
information, and a platform operator, to study the potential conflict of interest, which will provide

a theoretical justification for the existence and rationale of the design of size-discovery trading



sessions.
ITII. Size Discovery Model

This section will develop the main model of interest as well as a benchmark model. The main
model will have price or size-discovery sessions randomly occurring in a sequential fashion. A
benchmark model (Du and Zhu (2017)), will only have price-discovery sessions. The platform
operator’s problem is stated but will be further explored in Section [[V] The section concludes by
exploring the intuition of the equilibrium.

A.  Price and Size Discovery

Time, 7, will go from [0,00). Trading will happen at clock-times th, where t € {0,1,2...}
and h > 0 is the length between trading sessions. There are N > 2 risk-neutral traders trading a
divisible asset. The random variable M; represents the event that a size-discovery trading session
occurs at the t*™ trading session. Therefore, 1 M, is a Bernoulli random variable such that it equals
one if a size-discovery session occurs and zero if a price-discovery session occurs at the ¢! trading
session. With probability P(1,, = 0) = 1 — ¢, a price-discovery session, modeled by a uniform-
price double auction, will occur. With the remaining probability, P(1s, = 1) = ¢, a size-discovery
session will occur. The realization of event M, is independent of all other random processes. Given
that a price-discovery session will occur in that trading period, each trader submits a demand
schedule as a function of the market clearing price. For the uniform-price double auction, a price
that clears the market will be selected, and each trader will be allocated the corresponding amount
of the asset they demanded at that price. Given the type of equilibrium that will be solved, the
market-clearing price will exist and be unique. Each trader then pays (receives) the equilibrium
prices times the amount of the asset they were allocated. More formally, trader n at trading period
t submits demand schedule X, ;4(p) : R — R. The market-clearing price, p},, is then defined as

the price such that
N

S Ko (pin) = 0. 1)

n=1

If a size-discovery session occurs, traders submit demand quantity i, ¢, € R and will be allocated

10



according to a proportional rationing mechanism E

Z{jiun,thuj,m <0} Hj.th

Yoth (1) = b (ﬂ{“"’th 55 5w <0} T Lyt on 32, 117,000} 2 Gitim, itz >0} Fith ) @

This mechanism is referred to as proportional rationing, as the total allocation is designed to
be zero by proportionally rationing the heavy side of demand such that it equals the light side
of demand. Importantly, the allocation does not depend on the price, which is the first-order
institutional feature of size-discovery trading protocols.

An important institutional feature that will be explored in this paper is what “frozen” price in
practice will be used during the size-discovery trading session? Two common approaches are typi-
cally used. Work-up trading sessions use the prior price from the price-discovery session. Matching
sessions use a price supplied by a platform operator. The choice of which price to use will create
different incentives for the traders and, therefore, will affect how they respond to the existence

of size-discovery trading protocols. The cash transfer function used for a work-up size-discovery

trading session is

o th (1 De—1)h) = —DP—1)n Yntn (1), (3)

and the cash transfer function used for a matching size-discovery trading session is

rth (1 P) = —=PY e (1) (4)

Since the mechanism has a total allocation of zero, 27]1\[:1 Y, (1) = 0 and the price paid per
unit of asset allocated is constant across traders, Zgzl Ch,th(t, ) = 0, the mechanism is strongly
budget balanced (there is no surplus or deficit).

Each trader is endowed with some portion of the asset, referred to as the trader’s initial in-
ventory. As trade occurs, their inventory will endogenously evolve. The inventory amount held by
trader n, prior to the trading session, at clock-time th will be denoted as z, ¢, where the aggregate
time-invariant total amount of the asset will be defined as Z := 25:1 Znth and is known by all
traders. The endowment of initial inventory is given exogenously to each trader and denoted zj, .

Therefore inventory evolves according to

Zn,(t41)h = Zngth + (1= L1ag,) X on (i) + Lag, Yo en (1) (5)

16 An additive rationing mechanism could also be used, Yyt (1) = tn,tn — % 271:7:1 tn,th- Any allocation mechanism
that would allocate the requested quantity in equilibrium would yield the same results. Most size-discovery trading
protocols employ time priority instead of rationing if the demanded quantities do not balance, but some do use other
algorithms to maximize volume.
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The asset will pay a single liquidating dividend at some future random time. The liquidating
amount will be the asset’s fundamental value at the time of the liquidation, where the fundamental
value evolves according to a jump process. The liquidation date will occur at time T where
T ~ Exp(r), for r > 0 and where E(7) = 1/r. T is independent of all other random variables
in the model. As the expected time for liquidation is finite, the time discounting is normalized to
zero for simplicity. Denote information arrival times as {7} }r>1, where T} can be a deterministic
or stochastic processﬂ At Ty = 0, the first shock occurs at clock-time zero, and the fundamental
value of the dividend will be drawn from and defined as Dy ~ N(0, U%). Assuming the liquidation
time has not occurred yet, the change in the fundamental value of the dividend follows the i.i.d.

normal process
Dy, — Dr,_, ~ N(0, U2D)' (6)

Therefore, the fundamental value of the dividend, assuming the liquidation date has not oc-

curred yet, follows a jump process where
D, = DTk, ifT, <7< Tk+1. (7)

Each trader at information arrival time T}, receives a noisy signal, S, 1, about the change in
the fundamental value of the dividend where D7 | := 0 and

i
Sn.1. = D1, — D13, + €01, Where €, 1, Y N(0,0’z). (8)

Traders also have private values for the dividend, wy, 41, which is in addition to the fundamental
value of the asset. Similarly to the evolution of the fundamental value of the liquidating dividend,
the private values are shocked at time {7} }r>0, wpr , := 0 and

ii.d

Wy T, — Wa, , <~ N(0,02). (9)

Therefore the private values, assuming the liquidation date has not occurred yet, follow a jump
process where

Wn,r = Wy, Ty, if Tjp <7 < Thyq. (10)

The private value and noisy signal is only observed by the respective trader and never directly

disclosed to any other traders, though the aggregate “total” signal will be inferred from prices in

17Given prices are martingales, how shocks occur does not affect how a risk-neutral trader behaves today. At
equilibrium, the information arrival process only affects a positive scalar of welfare and, therefore, does not affect the
sign of the welfare results.

12



equilibrium. Therefore, the liquidating dividend, if paid at time 7 is worth
Upr = Dy + wp r (11)

to trader n per unit of asset held.

Finally, each trader incurs a holding cost of (\/2)z> (

. (t+1)h PET unit of clock time if the liquidating

dividend has not been paid yet, where all traders know and have the same marginal cost per extra
unit of the asset held, A > 0. |Vives (2011); Rostek and Weretka| (2012); |Sannikov and Skrzypacz
(2016)); Du and Zhu (2017); [Duffie and Zhu (2017); |Antill and Duffie| (2020)); |Chen and Duffie
(2021)); |Chen| (2022)) all use a similar quadratic holding cost. This can be interpreted as a form of
inventory cost, collateral requirements, or risk management, but not technically risk aversion. If
the dividend has not been paid at clock-time th, each trader then expects the following duration

of the flow cost, min(h, 7 — th) which is expected to be

1 e—rh

E [min(h, T — th)|T > th] = _T (12)

by the memoryless property of the exponential distribution.

Define H,, ; to be the history (information set) known to by trader at time 7, which is equal to

Hn,T = {{Sn,Tl , Wn, T }Tlgr; {Zn,t’ha Xn,t’h; Yn,t’fu ]lMt/ }t’h<T}' (13)
Each trader knows their noisy signals and private values up to time 7, their inventory path, and

the demand schedules that they have submitted. Each trader, from the evolution of inventory and

knowing the demand schedule they submitted, can always back out the equilibrium price transacted

at any previous period. Note that H,, ;, does not contain the information of the tth

exchange.
Finally, define V;, 4 as trader m’s period-t continuation value right before the ' exchange.

Traders then face the following continuation value

(1—e ™M)\
2r

Viean =E[ ‘W (—p:hx:;m(l—e—fh) (ot + X )0t — <zn,th+X:;¢h>2)+ (14)
N2

indicator cost of probability number of shares -
for price allocation of liquidation xtraders value per share expected inventory cost
discovery

—rh
* * —rh * (1-e A X 22
L, (_p(t—l)hyn,th + (=€) (Zngn + Yy n)0nth — 27(%% + Yo )® )+
~— R ) N —— r
indicator cost of probability number of shares ; .
dﬁc%)gos\}g?y allocation of liquidation xtraders value per share expected inventory cost
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—rh
e " Vn,(tJrl)h ‘ Hn,th :l
—_— N—

probability liquidation doesn’t information
occur before next period up to time th
Xnext period’s continuation value

where X:;th is the concise way of writing X, ;4 (p},), the equilibrium allocation when a price-
discovery session occurs, and Y;:th is the equilibrium allocation when a size-discovery trading session
occurs. The first term is the trader’s net cash flow of acquiring X;;th units of the asset at a price
pj,- The second term is the probability that the dividend will liquidate before the next trading
session times the trader’s new inventory amount times the asset’s value per share to the trader.
The third term is the expected quadratic holding cost. The middle line has the same interpretation
as the top, except for when a size-discovery session occurs. The final term is the probability that
the dividend does not liquidate before the next trading period times the next period’s continuation

value. Iterating this forward, the continuation value for trader n at clock-time th is

oo
—r /I c * * —T * A *
Vath =E [Z € h(t=t) (]]-Mt/ ( - pt/th,t’h + (1 —€ h) (Un,t’h(Xn,t/h + Zn,t’h) - ?T(Xn,t’h + Zn,t/h)2)) (15)

t'=t

* * —r * A *
+1n,, ( —P—)pYnen + (1 —e ") (Un,t’h(zn,t’h + Yo en) — g(zn,t'h + Yn,t’h)z))> |Hn,th} .

Definition 1 (Perfect Bayesian Equilibrium). A perfect Bayesian equilibrium is a strategy profile
{Zpth}1<n<ni>0 where each Z,, 4, depends only on H,, such that for every trader n and at
every path of their information set H,, 4, trader n has no incentive to deviate from {Z, 1 }v>¢.
Mathematically, this is expressed as, for every other possible strategy profile {th}tfzt, it is the

case that

Vn,th ({Zn,t’h}t’Zta {Zi,t’h}i;én,t/Zt) > Vn,th ({Zn,t’h}t’Zta {Zi,t’h}i;ﬁn,t/Zt) .

Note that Z, ., is the pair (X, i, Ynn), where X, 4, is the strategy profile at time th if a
price-discovery trading session occurs and Y, ;;, is the strategy profile at time th if a size-discovery

trading session occurs.

To maintain tractability and follow prior literature, the equilibrium strategy that will be the
focus of this paper is that which is linear, symmetric, and stationary. The equilibrium demand

schedule traders submit for price-discovery sessions is conjectured to be of the following form

Xn,th(p) = aSn,th — bp + dzn,th + fZ (16)
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The demand schedule submitted is a function of the total signal¥] a linear combination of the
noisy signal about the fundamental value and private value of the asset, the equilibrium price,
inventory at the start of the period, and the aggregate inventory amount. When size-discovery
trading sessions occur, traders submit a demand quantity that results in the desired inventory
position amoun@

Hnth = QsSn th + dszn,th- (17)

In equilibrium, it will be shown that traders are allocated the competitive demand. Therefore,
their post-mechanism allocation is such that they do not desire to trade in any future periods unless
the information environment changes. This is not surprising as by removing the price impact of
trades, traders are able to achieve the first-best allocation (First Welfare Theorem). This will be
the desired inventory level that traders will be trying to achieve, which will be used in studying
how quickly this is achieved later under different types of market designs. It will be shown later
that the equilibrium allocation from the price-discovery trading sessions will be a scaled version of
the size-discovery trading mechanisms allocation, which is the maximum aggressiveness a trader
optimally can take, as there is no price impact.

Note that « is a measure of the adverse selection the trader faces in the market and the weight
a trader places on their private information versus what they infer from the market price. When

adverse selection is low (« is high), the trader places the majority of the weight of his expectation

18Traders learn about the asset’s fundamental value from prices but have to account for their private values and
noise in other traders’ signals. By defining the “total signal” as

where
Sn,r = Sn,T,,, where 7 € [Tk, Th11)

and by symmetry and the projection theorem for multivariate normals, solving for x which is the unique solution in

(0,1) to
1/(x%0?)
1/(x%03) +1/(x?02) + (N — 1)/ (x?02 + 02,)

X =

Then a can be expressed as
X202 + 02 1
o= > —.
Nx2%202+4+02 =~ N
For further details, see |Du and Zhu (2017)).
19This is the allocation traders would receive at a price-discovery-only model where traders are competitive and
treat prices as given (Du and Zhu| (2017). For a finite number of traders, this is “schizophrenic”, as pointed out by
Hellwig (1980). However, this is fully rational in a size-discovery trading session as traders do not influence price and
can be supported in equilibrium given the allocation function.
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on the value of their private signals. But as the number of traders increases, or the volatility in
the signal’s noise about the fundamental value of the asset increases, then o — 0, and the trader
puts all the weight on the inferred signal. From prices, traders then update their beliefs about the
value of the asset to them as

Zf\;n Si,th

N1 (18)

E(Un,th|Hn,th) = QSn th + (1 - a)

Therefore traders weigh their total signal by a and the inferred total signals of the other N — 1
traders from prices by 1 — «.

Given the conjectured functional form and amount to be submitted in price and size discovery
trading sessions, respectively, using equations and , the PBE can be solved for and is
summarized in Proposition m

PROPOSITION 1: When there are enough traders, there exists a PBE where each trader does as

follows. They submit the following demand schedule for price-discovery sessionﬁ:

r(Na—1)

o 11—«
Xy (p) = —ds </\(N—1) (Sn,ih —P) = Znn + N—IZ> (19)

where —1 < dg; < 0 is given by equations and m Appendz'ac and j € {wu, ms}
classifies if the size-discovery mechanism is modeled as a work-up or matching session. If a price-

discovery trading session occurs, the period-t equilibrium price is

1 & A
p:h = N Z Sn7th — WZ (20)
n=1

2ONote the equilibrium is solved by backward induction. The traders, taking the market structure (g) as given,
choose their strategies, and then the platform operator chooses if there is a size-discovery trading mechanism offered
or not.

2IThere are two solutions to this model. I will focus on the equilibrium with higher market depth and the demand
schedule limits to the competitive trader’s demand schedule, ds,; — —1, as the number of traders grows to infinity
(N — o0). The other equilibrium limits to zero trade in equilibrium, which is counterfactual to the real world.
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Traders submit and are allocated the following demand quantity for size-discovery session@

r(Na—1)

Z
Hanth = Yo tn(p) = m <3n,th - 5th) — Znth T N (21)

See Appendixes |A| and [B| for the proofs. Note that if the equilibrium price, , is plugged
into , the demand schedule submitted is a fraction of the competitive demand schedule,
be’i'h(pfh) = —ds ;Yo (@), where is the competitive demand quantity. Therefore, having
imperfect competition or size-discovery trading sessions only scales the allocated amount in equi-
librium. In a competitive model, the coefficient out front of the demand schedule submitted during
price-discovery sessions, d, would be equal to —1, which is also the coefficient on . It can be
shown that —1 < ds; < 0, and, therefore, traders are less aggressive in the price-discovery ses-
sions than in the size-discovery sessions or a competitive market. This is optimal as they know
with probability g, a size-discovery session will appear, where they can trade with no price impact.
Some trade is still optimal in the price-discovery period as it is extra costly for traders to hold
inventory in excess of their desired amounts. But as traders can be very aggressive in the size-
discovery sessions and are slightly less aggressive in the price-discovery session, a natural question
is which effect dominates and how does this relate to the rate of convergence to the trader’s desired
inventory amount and, therefore, the allocative efficiency of these market designs. It is also worth
noting that the equilibrium price, , does not depend on the probability of size-discovery sessions
occurring, q.

To start to provide insight into how quickly the noncompetitive inventory allocations converge

to the competitive inventory allocations, given no new information has arrived, we need proposition

2l

PROPOSITION 2: Let 0 <t <t where spp, = spyp for everyn and t € {t,t+1,...t}. Then for

every trader, n, the equilibrium inventories satisfy:

t+1
Zn,(t+1)h zib,(frl)h - (H H?WEJrjfl(l + dg,j)) (Zﬂ,éh - Z;,(§+1)h); Vte{t,t+1,...1}. (22)
7j=1

22For now, it is assumed that for matching sessions, the platform operator chooses to offer the equilibrium price,
(20). This will be shown to be true in an extension where the platform operator chooses the price to maximize the
expected volume in section |V_K}
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Values closer to —1 for d, ; will be interpreted as more aggressive as traders are selling (buying
if 24, < 0) off the vast majority of their prior inventory. In contrast, coefficients near 0 are very
unaggressive as they are holding onto most of their prior inventory. Intuitively, when traders sell
(buy) off the majority of their prior inventory, their end-of-period inventory is made up of more of
the desired inventory amount. When traders bid shade more (d ; is closer to 0), the majority of
the ending inventory in that period will be from the prior inventory. Taking an expectation,
Proposition [2] shows that the expected rate of convergence between traders’ desired inventory
amount and their current amount closes at an exponential rate, (1 —¢q)(1+d, ;), which depends on
how frequently size-discovery sessions happen explicitly and through how aggressive traders are in
the price-discovery sessions through the d; ; coefficient from the demand schedules they submit.

B.  Price Discovery Benchmark

As a benchmark, this subsection characterizes the equilibrium if the social planner bans the
existence of size-discovery trading mechanisms. If trade is not perfectly competitive, and, therefore,
traders internalize the price impact of their trades, and there are no size-discovery sessions (¢ = 0),

then the following corollary characterizes the equilibrium.

COROLLARY 1: When there are enough traders, Na > 2, and no size-discovery sessions, ¢ = 0,

there exists a PBE where each trader submits the following demand schedule in the price-discovery

sessz’on@:

Xﬁ,th(p) = —d, ()\(N—l) (Sn,th - p) = Zn,th + N1 Z> (23)
where
— o (Ve = D= e e Ve S R e e ) g2a)
P 9e—rh .
The period-t equilibrium price is
N
x 1 A
Pin = N Z Sn,th — WZ- (25)
n=1

Corollary is Proposition but shuts down the size-discovery sessions by letting ¢ = 0. It

23This model is the model used in [Du and Zhul (2017)
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can be shown that —1 = d. < d) < dsms < dswu < 0. Therefore by comparing equations ,
and , traders reduce their demand (bid shade) more when they internalize their price
impact and even further when they strategically delay when waiting for size-discovery sessions.
They further strategically delay their demand when their current demand may affect the price used
next period if a size-discovery trading session occurs. There will always be trade in every period,
regardless of if there is new information or not. This creates a socially costly delay in inventory

reallocation.

COROLLARY 2: Let 0 < t <t where Sy, = spy for everyn and t € {t,t +1,...t}. Then for

every trader, n, the equilibrium inventories satisfy:

zn,(t+1)h — Z’Z,(;#»l)h = (1 + dp)t—i_l_L(Zn’Eh - 227(§+1)h), vVt € {t7t + 17 .. %} (26)

Corollary [2| is directly from Proposition by shutting down the size-discovery sessions by
setting ¢ = 0. Corollary [2| shows that when new information does not arrive, the inventory level in
the price-discovery-only model converges to the desired inventory level exponentially at a rate of
1+dp. This results from the bid shading, which is delaying the traders from achieving their desired
inventory level because of the price impact of their trades. The following sections will show, under
certain parameterizations, that the addition of size-discovery sessions may help speed up the rate
at which the inventory levels converge to the efficient levels.

C.  Illustrative Examples

To help build intuition for the model, Figure |1 plots an illustrative example inventory path of a
single trader under different market designs for a few trading sessions. Figure is the base case.
It plots the inventory position in a price-discovery-only market design, the red dot-and-dashed line,
with that of a market design that can have size-discovery trading sessions, the blue dashed line,
occur too. The solid black line is the desired inventory position of the trader. In this example,
there is a shock to the desired inventory position just after the second trading session, and it just
happens that the in a market design that allows the possibility of a size-discovery session, one
occurs at the third trading session. It is clear that when there is a possibility of a size-discovery

trading mechanism, traders are less aggressive during the price-discovery sessions, which causes the

19



inventory position to be further away from the desired amount than if there was never a possibility
of a size-discovery trading mechanism. Traders are closing a percent gap between their current
and desired inventory position. Therefore, the lack of aggressiveness compounds over time when
size-discovery sessions can occur, but have not yet. When the size-discovery session does occur,
the trader is able to completely close the gap and is now holding their desired inventory position.
The welfare question is simply, on average, are the extra gaps prior to size-discovery sessions due
to traders strategically waiting for the better trading terms get offset by the gains realized when a
size-discovery session does occur.

The final three plots in Figure [I] are of the same exact example, but one primitive parameter
is changed. In Figure the number of traders doubles. This lowers price impact per trading
session, which allows traders to close a larger amount of the excess inventory gap per trading
session. There is also less strategic delay waiting for size-discovery sessions as the current trading
opportunity is not as costly, which leads to more trade, which increases liquidity and lowers price
impact, which leads to more trade etc. In Figure the probability of a size-discovery session
increase by 50%. This lowers the expected excess inventory costs incurred in waiting for a size-
discovery session. This induces traders to wait further for a size-discovery session, which lowers
liquidity and raises price impact during a price-discovery session. Traders respond by further bid
shading and so on. Therefore, there is an even wider gap between the current and desired inventory
position until a size-discovery session occurs.

Finally, in Figure the trading frequency per unit of clock time is doubled. There are
now more trading opportunities to split orders over, which increases the flexibility traders have.
But there is an indirect effect. As traders further break up their orders, liquidity drops, and
price impact increases per trading session. This further induces traders to shade their demands
to minimize execution costs. Now that the price impact is even worse, the incentive to wait for a
size-discovery session is further increased, which also further drives up the current price impact for
a price-discovery session. This logic repeats and more than offsets the gains from the flexibility of

trade by increasing the trading frequency.
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D. FEquilibrium Properties

Comparing , , and , it can be seen that the equilibrium allocation is the same across
up to a scaling factor, d. The scaling factor controls how aggressive traders are in the current trading
session and as we will see later, how the allocative efficiency of the market designs are for the traders
and choice for the platform operator. Note the closer d is to —1, the quicker traders reach their
desired inventory position. This results in a higher allocative efficiency and larger trading volume,
which is better for both traders and the platform operator. Figure [2| plots the aggressiveness of
traders, d, as a function of different exogenous parameters to help build intuition.

The results in this equilibrium are driven by the interaction of three different forces. When
there is a possibility of a size-discovery session, traders bid shade their demands as they are willing
to incur some holding costs for the possibility of trading large amounts with no price impact. This
extra aggressiveness due to better trading terms is the second force. The tradeoff between the delay
in trading closer to the desired inventory position during price-discovery sessions versus the gain in
allocative efficiency when traders are able to be extremely aggressive during size-discovery trading
sessions will be analyzed below when studying the welfare of the market design. Finally, the third
force, which is only present in work-up trading sessions, is the fact that the equilibrium price from
the price-discovery trading session may be the price used if a size-discovery trading session occurs
next period. Therefore, demanding a little bit more in a price-discovery session not only makes the
current trade more expensive but would make a subsequent size-discovery trade more costly. In
matching sessions, the price used is exogenous, and, therefore, this force does not exist.

The left column of Figure gﬂ models a size-discovery trading mechanism as a work-up session,
the prior price is the fixed price used, whereas the right column models a matching session, the fixed
price is exogenously given. The top row compares how aggressive traders are during price-discovery
trading sessions as a function of the number of traders in the market. Given the third force, of not
having the price be used again, does not exist for the right column, the equilibrium exists in a larger
part of the parameter space, and results in slightly more aggressive demand during price-discovery

sessions than a market with work-up sessions. The second and third columns compare demand in

24Gray areas are where parameter regions where the type of equilibrium solved for fails to exist. This is usually due
to the fact that trade on the price-discovery breaks down as it becomes too costly for small markets or the possibility
of better trading terms becomes too large.
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price-discovery sessions as a function of both the time between trading sessions, h, and the relative
frequency, 7, of a size-discovery session occurring, ¢ = vh, with time between trading sessions as
a fraction of the trading day on a log;, scale. As v increases, traders become less aggressive, and
eventually, there is too large of an incentive to delay trade, and the price-discovery trading session
breaks down. As h decreases, demand in each price-discovery session also decreases as the implicit
probability a size-discovery trading session occurs in the next unit of clock-time is increasing. There
is also less time before any type of trading session, and therefore, traders can minimize the costs
of trades by further breaking up orders over time. The second and third rows are for a small and
larger market size, respectively. The larger market sizes minimize these forces as the price impact
per trade is much lower as the market depth increases in the number of traders.

E. Volume

An interesting quantity to look at that drives the platform operator’s decision in the model is
how these different market designs affect the overall volume traded. The unconditional expected

volume traded in equilibrium is

N [
Volume = ZE {Ze_rh'( S| X |+ IlMt|Y,f7th})]. (27)

n=1 t=0

Plugging in the equilibrium allocations for both the price and size-discovery trading sessions
and taking the expectation gives the simplified formula for the expected volume traded over the
life of the asset given by equation in Appendix E, which will be used later when studying the
potential conflict of interest between traders and a platform operator. If you set ¢ = 0, shut down
the size-discovery trading sessions, the scalar becomes d,. To understand the percent of trading
volume that goes through a size-discovery trading protocol relative to the total expected volume,
it simply is

Fraction of Volume through q

Size-Discovery Protocol qg— (1—q)ds’ (28)

Figure |3| plots this statistic, where the left column is for work-ups and the right is for matching
sessions. As the relative frequency of a size-discovery trading session, -, increases, a larger percent-
age of the volume goes through that trading mechanism. As these better trading sessions occur

more frequently, which naturally will increase the volume through that type of session, traders
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are also less aggressive in the price-discovery trading sessions as they do not expect as long of a
delay before the better trading terms. Likewise, if the time between trading sessions, h, decreases
the relative likelihood of better trading terms increases, which drives down their aggressiveness in
trading in price-discovery trading sessions. The second row increases the size of the market relative
to the first row. Like in Figure [2| this mitigates these effects as the price-discovery market is much
more liquid. This is also shown in the third row, where h and ¢ are fixed, but the size of the market

increases.
IV. Welfare

This section will study the welfare (allocative efficiency) of a market with size-discovery sessions
versus a market with only price-discovery sessions. This section will first consider the allocative
efficiency of the market designs from a trader’s perspective. The focus will then shift to the platform
operator’s problem. This will naturally lead to when do the traders and platform operator agree
or disagree on the optimal market design from their perspectives.

A.  Traders” Welfare

Following Du and Zhu| (2017)), trader welfare is defined as the sum of ex-ante expected utilities

over all traders.

N o)
— — k )\ *
W]‘? =(1-e Th) ZE [Z e Tk (]le <vn,kh(zn7kh + Yn,kh) — ﬂ(zn’kh + Yn,kh)2> + (29)

n=1 k=0

* A *
]l?\/[k (’Un,kh(Xn,kh + Zn,kh) - %(Xn,kh + Zn,kh)2>> ‘Hn,kh]

This is a measure of the allocative efficiency of the market. Naturally, the price component sums
to zero across traders. In this section, this welfare is compared to the “competitive” welfare, which
is a market where traders treat prices as given. In the competitive market design, traders reach
their desired inventory position after any trading session (d. = —1). Comparing the allocation
efficiency to this benchmark allows us to focus on the costs in allocative efficiency from traders
internalizing price impact or delaying for better trading terms. We will also see that this will
simplify the welfare equations later as the information arrival process, size of the shocks to the

desired inventory position, and cost per unit of inventory held will only be proportional to the loss
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in allocative efficiency.
Plugging in the equilibrium strategies and simplifying , the expected allocative efficiency of

the market equals

N 9]
A
s __ —rhk __ _—rh c o _ ,—rh\ 2 r_c 2
R ] D S (S e ey | B
Q:-/ ~ probability of probability  desired value

expected holding cost
Xdesired inventory squared

no liquidation

sum over of liquidation at liquidation

all traders

A1 — e=mh) (1—q)(1 +dy ) al B A S
- o 1—e (1 —q)(1+ds;)? D Ellzno = 2T+ Y D Bl ey — zen)’le :
N———— ) n=1 n=1k'=1

expected holding cost cost of strategic

trading expected cost of

inventory shocks

If ¢ = 0, then reduces to the allocative efficiency of a market design with just price-discovery
trading sessions. Given the results of |Antill and Dufhie (2020), a natural first question is: does
there exist a trading frequency where the allocative efficiency is improved by adding size-discovery

sessions?

PROPOSITION 3: A) If the size-discovery mechanism is modeled as a work-up session and q > 0,
then there exists a trading frequency h* € (0,00) such that the allocative efficiency is improved by
having both size and price-discovery trading sessions relative to just have price-discovery trading

SeSSLonSs.

W (h*) — WP(R*) >0

B) If the size-discovery mechanism is modeled as a matching session and q > 0, then the allocative
efficiency is always improved by having both size and price-discovery trading sessions relative to

Just having price-discovery trading sessions.

wi.—WP>0

Proposition [3] proves that the addition of a work-up session can improve and the addition
of a matching session always improves the traders’ welfare (allocative efficiency). For work-up
sessions, there always exists a trading frequency such that the extra aggressiveness achieved during

the work-up sessions outweighs the two costs during price-discovery sessions. When the second
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cost, the price from the price-discovery session being used again if a size-discovery session occurs,
is taken away when the size-discovery session is modeled as a matching session, then the extra
aggressiveness during size-discovery sessions always outweighs the strategic delays it induces. The
proof for Proposition [3] and special cases of the above formulas for when trading is continuous, as
in |Antill and Duffie| (2020)), is found in Appendix When trading is continuous, the allocative
efficiency is strictly harmed by the addition of a work-up session and unaffected (the costs and
benefits balance out) for matching sessions. This is the central finding of Antill and Duffie| (2020). It
is worth noting that the costs to allocative efficiency relative to a competitive benchmark, WC—WjS,
is maximized as trade becomes continuous, Appendix Therefore, Antill and Duffie| (2020)
unintentionally studied the case where the strategic effects would be the most costly.

For the rest of the section, I will compare the allocation efficiencies of the different market
designs to that of the competitive benchmark. In the competitive benchmark, W€, the second line
of is zero, as d. = —1. Therefore by looking at the quantity W*—W?7, the first line disappears,
which depends on aggregate inventory, signals, and private values. Note that W — W7 > 0 and,
therefore, this quantity can be attributed to the loss in allocative efficiency due to strategic trading
due to imperfect competition and the presence of two types of trading mechanisms, where the lower,
the better. Finally, if the size-discovery trading sessions are shut down, ¢ = 0, then we can study
the welfare loss due purely to W€ — WP > 0 due to strategic trading due to imperfect competition.
The main quantity of interest going forward will be the percentage difference between these two
quantities, which will quantity the welfare gain or loss due to the presence of a size-discovery trading

mechanism relative to the total inefficiency of the market:

¢ c s s (1+dp)? (1-¢)(1+ds 5)*
(W - Wp) — (W - WJ) . W] — Wp . 1_efrh(f+dp)2 - l_efrh(l—q)(lj‘ds,j)2

wWe — Ws We —Ws (1—q)(1+d; ;)°
J J 1—e=""(1—q)(1+d;,;)*

(31)

The beauty of studying the above expression is in all of the variables that do not appear. No
variable relating to the information arrival process, which could be deterministic or stochastic, or
marginal inventory cost per unit of clock time (\) appears. The variables controlling the noise of
the shocks only appear in the adverse selection parameter («), which only appears as a scaling of
the number of traders (V) in the formulas for d. Therefore, the quantity in will allow us to

only focus on the direct strategic effects of interest in this paper.
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To better understand how the allocative efficiency is affected as a function of the different
market designs, Figure plots as a function of different primitive parameters. The left column
is for a work-up trading protocol, whereas the right column is for a matching session.

Starting with the market design with work-up sessions, j = wu, the first noteworthy result
is that depending on the frequency of trading and relative frequency of a size-discovery trading
session, the ex-ante allocative efficiency can be either increased or decreased due to the presence
of a work-up trading mechanism. This is in strong contrast to |Antill and Duffie (2020]), who find
that allocative efficiency can only be harmed. For small markets, the allocative efficiency can only
be increased when trading is very infrequent, as this increases the liquidity during price-discovery
trading sessions and helps minimize the third channel. On the surface, this seems to line up with
the type of assets that are traded this way. This will be explored more fully in a calibration below.

The right column does the same exercise, but now for matching sessions, 7 = ms. For this type
of market design, the allocative efficiency can only be increased due to the presence of size-discovery
trading sessions. One may wonder why every asset does not trade with the addition of matching
sessions, as their addition can only increase allocative efficiency. This is rationalizable as it is very
difficult, risky, and costly for the platform operator to determine the price at which trading should
occur for most asset classes. This is potentially simple enough to do for index CDS’s or corporate
bonds, which is one reason it may exist in reality for that asset class. In contrast to[Antill and Duffie
(2020), they find that under continuous trading and this market design, the allocative efficiency is

irrelevant to the addition of a size-discovery trading session.

V. Model Extensions

A. Adding a Platform Operator

In reality, a social planner does not design markets, but a profit-maximizing firm does. This
profit-maximizing firm may have differing incentives from the traders on the platform. |[Antill
and Duffie (2020) point to this potential conflict of interest and coordination failure by traders
as a reason for the existence of size-discovery trading protocols, despite their finding that they
strictly harm the welfare of the traders. To formally study this possibility, I add a platform
operator who chooses whether to offer both price and size-discovery trading protocols or just a

price-discovery trading protocol to maximize the expected trading volume over the life of the
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exchange. Most platforms charge trading fees to both sides of the trade as a fraction of the amount
traded. Therefore, maximizing volume will maximize profit. If the platform operator chooses to
have size-discovery sessions, the probability is still exogenous. The platform operator makes this
decision prior to any trading. If the size-discovery session is modeled as a matching session, the
platform operator also chooses what price to offer during the matching session. Therefore, for

work-ups, they maximize

e N
man B [Ze"“hf Zo(ﬂMt\Y;,th\ + m\X:;,m(qﬂ) +(1- o)\X;:,thm)!], (32)

oc{0.1} t=0 n=1

and for matching sessions, they maximize

00 N
mae Y™ S o Ll Vaon)| + 1ia | X)) + 0=l 0)]- 69
{ch}zzo =0 n=1

In an abuse of notation, denote that X:;th(q) means the equilibrium demand schedule played
by trader n if the size-discovery trading mechanisms occur with probability ¢, and Y, (p) is
the equilibrium demand quantity submitted by trader n if py, is the price offered in the matching

session.

PROPOSITION 4: When the size-discovery session is modeled as a matching session where the
platform operator chooses the price to maximize the expected volume as a linear function of the
total signal and aggregate inventory, the platform operator will always choose to offer the equilibrium
price, pjy, = S — %Z.

See Appendixes and [C] for the proof. This confirms the assumption in Proposition [I] that
the ‘correct’ price offered during a matching session is innocuous. The basic intuition for this result
is that the platform operator does not have any additional information other than the total signal.
Also, by offering the correct price, each trader, in equilibrium, is as aggressive as possible. Offering
any other price would only lower the aggression by some traders without any offsetting effect due
to the fact that traders do not wish to hold beyond their desired position given no new information,
despite the cheaper price. Knowing the platform operator will offer the correct price, traders during

price-discovery sessions do not have to worry about pushing the price in a direction that may be
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costly to them in the following period, which increases their aggressiveness in the price-discovery
sessions.

The prior section studied when the allocative efficiency is improved by having size-discovery
trading sessions. The rest of this subsection studies the choice of offering a size-discovery trading
session, o € {0,1}, and when both, neither, or only one of the two would prefer the existence
of the size-discovery trading sessions. Figure [5| examines this. The left column is for a work-up
size-discovery trading session, and the right is for a matching session size-discovery trading session.

When work-up trading sessions are present, depending on the frequency of occurrence and trade,
the market design could be good, bad, or conflicted for both parties. When the trading frequency
is sufficiently low, the addition of size-discovery trading sessions increases volume and allocative
efficiency. But due to the quadratic costs of holding inventory, it hurts the allocative efficiency of
traders before it hurts the expected volume as trading frequency increases. If the trading frequency
is too frequent, both are better off only having price-discovery trading sessions. |Antill and Duffie
(2020) suggest that this conflict of interest may explain the existence of size-discovery trading
sessions when they find that they only harm allocative efficiency. Given the way that I model the
platform operator, in that they choose to maximize ex-ante trading volume, this can’t be true as
they would never offer a size-discovery trading mechanism if trading were continuous. This conflict
of interest is possible for a small range of the parameter space for work-up trading sessions. It seems
potentially more probable that the existence may be driven by their usefulness for both parties.

In the right column of Figure[5] the plots examine the conflict of interest when the size-discovery
trading session is modeled as a matching session. Given the welfare result that these can only
increase the allocative efficiency for traders, it is not surprising that there is no conflict of interest
and both parties would prefer the existence of a matching session. This analysis does ignore
the potentially substantial cost to the platform operator to come up with a price at which these
matching sessions will occur.

B.  Exogenous Execution Risk

During size-discovery sessions, there is execution risk in that it is not guaranteed that a trader
will be allocated the full amount demanded. However, in equilibrium, all traders receive the full

amount demanded and reach their desired inventory positions when a size-discovery session occurs.
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This is not very surprising as the main friction in the model keeping it away from the competitive
equilibrium is the internalization of the price impact of a trade by traders, which when “removed”,
reverts back to the competitive equilibrium. Some readers may be skeptical that the positive
effect of size-discovery sessions is due to the fact that there is no execution risk in equilibrium.
While this would also strengthen the incentives to wait for size-discovery sessions, which harms the
allocative efficiency, maybe the lack of execution risk outweighs that strategic cost, and, therefore,
this equilibrium is a special case and not a more general finding.

In this subsection, exogenous execution risk is introduced during size-discovery sessions. The
execution risk is not micro-founded in any particular way but provides an interesting channel to
study execution risk in size-discovery sessions and bid-shading during price-discovery sessions. Let
& be arandom variable defined on the unit interval, [0, 1]. & represents the fraction of the demanded
quantity during a size-discovery session that a trader receives at the t*! trading session. & can be
any distribution defined on [0, 1]@ In the standard setting that is the main focus of this paper, I
take & = 1 almost surely. If a size-discovery session occurs at the ' trading session, and trader
n submits a demand quantity fi, 4, then they are allocated &Y, (1), where Y, 4, is defined by
(2), and the cash-transfer function is —p&; Yy, 4, where p is the prior price for work-ups and an

exogenous price for matching sessions. The equilibrium solved for is of the same form as before.

PROPOSITION 5: When there are enough traders, there exists a PBE where each trader does as

follows. They submit the following demand schedule for price-discovery sessz’on@:

s r(Na—1 11—«
Xn’jgh(p) = —dﬁ,j <)€(N—1)) (Snih — ) = Znn + N1 Z> (34)

where —1 < dij < 0 is given by equations and m Appendi:z and j € {wu, ms} classifies
if the size-discovery mechanism is modeled as a work-up or matching session. If a price-discovery

trading session occurs, the period-t equilibrium price is

1 & A
p:h = N Z Sn’th — WZ (35)

n=1

25Tt can be a discrete, continuous, or even a mixed distribution. In equilibrium, the traders only care about the
first two non-central moments and characterize their demand as a function of just those two moments.

26There are two solutions to this model. I will focus on the equilibrium with higher market depth and the demand
schedule limits to the competitive trader’s demand schedule, ds,; — —1, as the number of traders grows to infinity
(N — o0). The other equilibrium limits to zero trade in equilibrium, which is counterfactual to the real world.
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Traders submit and are allocated the following demand quantity for size-discovery sessions

Hn,th = Yn,th(,u) = Z<?;E(]\]]\?__11))5n,th - Zn,th>, (36)

where E[&] = €, and E[¢F] = &,.

See Appendixes [A] and [B] for the proofs. The welfare of the traders, when the size-discovery

trading protocol has exogenous execution risk, is given by

A1 —e
s
W = we — g X (37)
J ~—~ r
welfare in
competitive market  expected holding cost

&
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—rh § \2 g £ |:Z
1— e mh((1—q)(1+d5;)2 +q(1— &)

N oo
E[(zn0 — z5;5)%] + Z Z El(z, (wr41)n — 26 on)le” ™M

n=1 n=1k'=1
cost of strategic fexpected cost of
trading inventory shocks

Only the first two non-central moments of £ play a role in demand during both types of trading
sessions. It is simplest to first look at how the size-discovery demand quantity changes. Traders
scale their demand by g—:‘, which is always greater than or equal to 1. The fraction a trader expects
to get, relative to the competitive quantity, is E[&t%] = g—z = ﬁ%@g € [0,1]. Therefore, any
execution risk leads to a less efficient size-discovery allocation. The efficiency loss decreases in the
expected allocation amount and increases in the second non-central raw moment, which accounts
for uncertainty in the allocation quantity. Traders demand more than the desired amount knowing
that in the expectation they will not receive the full amount. As the uncertainty in the allocation
quantity grows, demanding more increases the probability the trader will end up on the other side
of excess inventory.

The top row of Figure [f] is the same illustrative example as Figure [T] but adds execution risk
to the size-discovery allocation. Due to the execution risk, the incentive to delay trade to size-
discovery sessions is lowered, which increases the amount of trade during a price-discovery session.

In the illustrative example, when a size-discovery session occurs, a large gap of the excess inventory

is closed, but not fully anymore. The bottom four rows of Figure |§| plots di ; for different values of
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E(¢), and sd(§). Traders rationally anticipate execution risks involved in size-discovery sessions that
may occur in the future. Therefore, they adjust their demand during price-discovery sessions. The
bottom right corner, when E(§) = 1, and sd(§) = 0, is the value of di, j when there is no exogenous
execution risk. As the expected fraction received decreases or the volatility in the fraction received
increases, the size-discovery trading session becomes less efficient, which traders attempt to offset
by being more aggressive in the price-discovery sessions. These general forces are true when the
size-discovery protocol is modeled as a work-up or matching session. If the size-discovery session
is very inefficient, near the top left corner of the plot, traders become even more aggressive than if
there was no size-discovery session (d, = —0.153), as some trade is better than none.

The bottom row of Figure [6] plots the percent change in the welfare loss relative to a competitive
benchmark of a market with and without size-discovery sessions. For this specific set of values,
the addition of work-ups is harming the allocative efficiency. As the exogenous execution risk
increases, traders become less aggressive during the size-discovery sessions, and more aggressive
during price-discovery sessions. This shrinks the incentives to delay trade, which results in slightly
higher allocative efficiency. When the size-discovery session is a matching session, the increase in
the exogenous execution risk harms the benefits of the size-discovery sessions, until it makes it so

inefficient, that traders are worse off by having a matching session, though the magnitude is small.
VI. Empirical Counterpart

A.  Calibration

The prior section made predictions on when the alternative market design of having both price
and size-discovery trading sessions versus just price-discovery trading sessions would be beneficial
for traders and a platform operator. This section will attempt to bring the model to the real world
by calibrating the model to a few different asset classes. The calibrations will closely follow the
aggregate market statistics from Fleming and Nguyen (2018) for the U.S. Treasury asset class and
Collin-Dufresne et al.| (2020) for index CDSs. Both of the trading platforms that will be calibrated
to are interdealer trading platforms, which both handle the majority of order flow in this section of
these markets. The U.S. Treasury market will be calibrated to the BrokerTec platform, which used
to have a work-up trading mechanism. The index CDS market will be calibrated to the GFI SEF,

which has work-up and matching session trading mechanisms, which will be calibrated separately.
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The parameters used to calibrate the model are taken as directly as possible from the above-
mentioned papers. « is set to 1 as the adverse selection is not a substantial feature of these markets.
Following Du and Zhu (2017), I set » = 1/30. N is taken from Joint Staff Report| (2015) for the
U.S. Treasury market as the sum of Proprietary Trading Firms and Bank-Dealers, and only the
Bank-Dealer count is used for the interdealer market for the index CDS market. h is set to the
reciprocal of the number of trades in a day times 2 and divided by the number of traders in the
market, so that the model and data have the same number of transactions. Finally, ¢ is solved such
that it matches the volume in a size-discovery trading session relative to total volume, given all the
other parameters. The results are in Table [}

Panel A is for when the size-discovery trading session is modeled as a work-up trading session.
The first three rows are for on-the-run U.S. Treasury securities trading on BrokerTec. The two
columns on interest are the last two, which quantify the percentage change in traders’ welfare
relative to W — W7, and platform operator’s volume relative to a market design of just price-
discovery trades. For U.S. Treasuries, there are a fair amount of trades that occur per day, which
implies a fast trading frequency. Also, a very high percentage of volume goes through the work-up
mechanism. Therefore, due to the fast trading frequency and a small amount of traders on the
platform, traders strategically delay very heavily, which leads to a large decrease in the allocative
efficiency and volume relative to a market that only had a price-discovery trading mechanism.
This matches nicely with the fact that while BrokerTec used to offer work-up trading sessions until
2021, after being acquired the the CME Group, they stopped offering the work-up trading protocol.
According to the callibration, this should have increased the allocative efficiency and volume, all else
equal. However, for the index CDS market that models GFI's SEF, there is a much slower trading
frequency, and a much smaller percentage of volume goes through the work-up mechanism. Despite
having a fewer number of traders, liquidity is concentrated in the fewer trading opportunities, which
then minimizes the strategic costs. This results in real gains in allocative efficiency.

Panel B is for when the size-discovery trading session is modeled as a matching session. The SEF
run by GFTI for the index CDS market is one exchange that has matching sessions. When the model
is calibrated to this trading platform, there is a large increase in both the allocative efficiency for
traders and trading volume. This helps rationalize the existence of matching sessions in the index

CDS space. In fact, the gain in welfare numbers are close to those estimated by |Giancarlo (2015)
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(50%). The large increase in volume and, therefore, fees, may reasonably offset the additional costs
of determining the timing and price of matching sessions incurred by the platform operator. A
similar logic may explain the use of matching sessions for some corporate bonds of interest-rate

swaps.

B. Case Study

BrokerTec and eSpeed are the two largest electronic interdealer trading platforms accounting
for over $200 billion a day in U.S. Treasury trading volume. In November 2018, the BrokerTec
platform was acquired by the CME Group from the NEX Group. In order to create uniformity
with its current trading platform, CME Globex, the CME Group took away the work-up protocol
in January 2021 (CME Group), 2021). Yet, eSpeed, which is owned by Tradeweb now, the platform
that has been the main competitor to BrokerTec, continues to offer both a limit-order book and a
work-up protocol. While the model in this paper does not directly model the competition between
platforms, if the existence of a work-up protocol was due to a coordination failure between traders
to not trade during those sessions, one would expect to see a migration of trading volume from
eSpeed to BrokerTec following the removal of the work-up protocol. If a work-up protocol helped
increase the allocative efficiency of trading, then one may expect an increase in trading volume on
eSpeed following the removal of the work-up protocol on BrokerTec. This section empirically tests
these hypotheses.

Using monthly volume data from both platforms from January 2017 to July 2023, I set up a
differences-in-differences framework to test if and, potentially, in which direction was there a shift
in trading volume when BrokerTec removed the work-up protocol. The results are in Table [T}
In the pre-period, the ADV of BrokerTec was $145.697 billion in January 2017 dollars. After
BrokerTec stops offering the work-up protocol, there is a relative increase in trading volume on
eSpeed by 85%. This effect is decomposed into eSpeed increasing its volume by 45.6% (standard
error of 11.5%) and BrokerTec’s volume decreasing by 39.9%. Despite eSpeed having much less
trading volume on average before 2021, they average a 10.7% higher ADV in the post, though
statistically insignificant from zero (standard error of 11.5%). These results are consistent with a
substitution hypothesis that traders value the allocative efficiency gain from having the work-up

protocol and, therefore, substitute trade towards platforms that offer it, which is also inconsistent
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with a coordination failure hypothesis.
VII. Conclusion

This paper shows that a market design with discrete and sequential trading between price
and size-discovery trading mechanisms can improve the allocative efficiency of the market. The
allocative efficiency is always improved if the price is exogenously supplied to the size-discovery
trading mechanism, as is common for matching sessions. Calibrations imply that it is unlikely that
size-discovery trading mechanisms exist due to a conflict of interest between traders and platform
operators. These theoretical results help rationalize the existence and design of interdealer segments

in multiple asset classes.
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discovery session increased by 50%.
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(b) Comparative static if the number of traders doubled.
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(d) Comparative static if the trading frequency doubled.

Figure 1. These figures are illustrative example plots of a single trader’s inventory position across
a few trading opportunities. All four plots are the same example, where the red dot-and-dashed
line is a model with only price-discovery sessions, the blue dashed line has the possibility of a
size-discovery session, and the solid black line is the desired inventory position. The orange and
green lines are the inventory paths under the same example simulation, except for one primitive
parameter that is changed. The dotted vertical line is when there is a shock to the desired inventory
position. The finely dotted vertical line is when a size-discovery session occurs. The base values

area=1,¢q=.1, h=.1, N =100 and r = .1.
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(d) Small market with matching sessions as a function of
the time between trades and frequency of size-discovery
sessions, (N = 100)
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(f) Large market with matching sessions as a function of
the time between trades and frequency of size-discovery
sessions, (N = 1,000)

Figure 2. These figures show how much of the prior inventory is sold as a function of different
parameters when a price discovery session occurs. The lower the coefficient on prior inventory,

the more aggressive traders are in their demand.

The left column is for a market design that has

work-ups, while the right column is when there are matching sessions. To avoid a scaling issue, the
relative frequency parameter, 7, is such that ¢ 39yh. The base values, unless otherwise specified,

are « = 1,7 =1/30, h = .01, and ¢ = .01.
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(b) Small market with matching sessions as a function of
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sessions, (N = 100)
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Figure 3. These figures are of the unconditional expected percent of trading volume that goes
through a size-discovery trading session relative to the total trading volume. The left column is for
a market design that has work-ups, while the right column is when there are matching sessions. To
avoid a scaling issue, the relative frequency parameter, ~, is such that ¢ = vh. The base values,
unless otherwise specified, are a = 1, r = 1/30, A0= .01, and ¢ = .01.
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Figure 4. These figures are of the percent welfare loss relative to an efficient benchmark between a
market design with both size and price-discovery trading mechanisms versus just a price-discovery
trading mechanism. The left column is for a market design that has work-ups, while the right
column is when there are matching sessions. To avoid a scaling issue, the relative frequency param-
eter, v, is such that ¢ = yh. The base values, unless otherwise specified, are a = 1, and r = 1/30.
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Figure 5. These figures are of regions where traders and platform operators agree or disagree on
the market design. The left column is for a market design that has work-ups, while the right column
is when there are matching sessions. To avoid a scaling issue, the relative frequency parameter, -,
is such that ¢ = «yh. The base values, unless otherwise specified, are « = 1, and r = 1/30.
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Figure 6. The top figure is the same as Figure |1, but impairs the size-discovery allocation. The
bottom four figures are of the coefficient on the prior inventory position during price-discovery
sessions and the percent change in welfare lost relative to a competitive benchmark between a
market with and without size-discovery sessions. The left column is for a market design that has

work-ups, while the right column is when there are matching sessions. The top row is of d

3

557 and

the bottom row is of the percent change in 43hen g = 0 and ¢ = .01. The bottom right corner
of each plot is the unimpaired value. The base values are a« = 1, ¢ = .01, h = .01, N = 1,000 and

r=1/30.
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Panels A and B calibrate the model to exchanges that operate with both price and size-discovery trading mechanisms. Panel A calibrates the exchanges that
use the work-up mechanism for the size-discovery trading mechanism, while panel B does the calibration for exchanges that uses matching sessions for the
size-discovery trading mechanism. The U.S. Treasury exchange the data is calibrated to is BrokerTec, which is studied by |[Fleming and Nguyen|(2018). The CDS
exchange is GFI's SEF, as studied in (Collin-Dufresne et al.|(2020). § is calibrated by solving for the ¢ that matches the volume to . % Atrader in Welfare Loss
and %Acxchange in Welfare is the percent change in the future expected volume between a market design with both trading mechanisms

we-—wP

is calculated as yre— s,

Table I
Calibration

versus one with only a price-discovery trading mechanism.

Panel A: Work-Up Protocol

Asset Class Security N % of Volume % q %o Atrader in Welfare Loss  %Acxchange in Welfare
U.S. Treasury
2-Year 85 51.4% 6,254.31 0.0031 -51.4% -10.9%
10-Year 85 60.1% 20,982.56 0.0009 -57.5% -14.4%
30-Year 85 48.0% 5,911.76 0.0032 -48.0% -9.4%
Index CDS
5-Year NA IG 40 19.9% 5.14 0.1638 10.5% 3.1%
5-Year NA HY 40 15.5% 4.50 0.1300 9.0% 2.2%
Panel B: Matching Protocol
Asset Class Security N % of Volume %ﬂiﬁis q % Atrader in Welfare Loss %Aexchange in Welfare
Index CDS
5-Year NA IG 40 52.2% 10.03 0.4081 61.48% 18.0%
5-Year NA HY 40 58.7% 10.97 0.4604 74.7% 22.1%




Table 11
Substitution towards Workups

This table tests a substitution hypothesis between BrokerTec and eSpeed when BrokerTec stopped using a work-up
protocol to integrate with the CME Globex platform in January 2021, while eSpeed continued to offer a work-up
protocol. January 2021 is dropped from the analysis. The dependent variable is the natural logarithm of the inflation-
adjusted average daily volume (ADV) in January 2017 dollars of each platform at a monthly frequency from January
2017 to July 2023. Post is an indicator if the observation occurs after January 2021, and the variable eSpeed takes
a value of one if the platform is eSpeed, and zero if the platform is BrokerTec. Standard errors are Newey-West
standard errors with two lags.

log(ADV)
(1) (2) (3)

Constant 25.7048**

(0.0547)
Post -0.3992***

(0.0715)
1(eSpeed) -0.7477"** -0.74777* -0.7477"**

(0.0729) (0.0691) (0.0598)
Postx 1(eSpeed) 0.8552™** 0.8552*** 0.8552™**

(0.0895) (0.0820) (0.0682)
Month FE No Yes No
Year FE No Yes No
Monthx Year FE No No Yes
Observations 156 156 156
Adj. R? 0.68 0.73 0.65
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Appendix
Appendix A Deriwvation of Demand Schedule for Price-Discovery Sessions

This section derives and solves for an equilibrium demand schedule that traders use when they submit linear,
symmetric, and stationary demand schedules during price-discovery sessions when size-discovery sessions may be
impaired (a realization of a random variable in the unit interval that is an exogenous fraction of what is allocated).
Traders are rational about how the impairment in the size-discovery trading session affects the amount allocated when
that session occurs when forming a demand schedule to submit during price-discovery trading sessions. Following
Definition 1, I solve for a Perfect Bayesian Equilibrium, in which I focus on demand schedules that are linear,
symmetric, and stationary. The equilibrium demand schedule conjectured, and I confirm to exist, will take the
following linear form, :

Xn,th(p) = ASn,th — bp + dzn,th + fZ (38)

Given that price-discovery sessions will operate as a uniform-price double auction, 7 and the above-conjectured

demand schedule used during price-discovery trading sessions, the equilibrium price will take the following form:

N

a d+ Nf
= Z. 39
Ptn = Ny nZIS"’”’Jr Nb (39)

Define 1, to be an indicator function equal to one if a size-discovery session occurs in period k and zero otherwise
(a price discovery session occurs in period k). Define & to be a random variable on the unit interval with CDF F.
& represents the fraction of the allocation that a trader receives when there is a size-discovery trading session. In
the standard discrete-time setting that is the main focus of this paper, I take the function & = 1 almost surely.
Given that the traders will be allocated the competitive demand quantities when size-discovery sessions occur, up to

a scaling for the potential impairment which is proved in Appendix B, the inventory of trader n evolves according to

& (T(Na —1)

P = Znen &g STy

N
(Sn,zh - % 21 Sn,th) — Zn,th + %) + L (asn,th — bp}y, + dan,en + fZ)- (40)
o

The evolution of inventory, , will be used multiple times throughout this derivation and in the below appen-
dices when studying the effect of the presence of size-discovery sessions on the welfare (allocation efficiency) of the
market.

To prove that a trader’s optimal strategy is the conjectured linear function , I will use the one-stage deviation
principle to verify the equilibrium strategy (Fudenberg and Tirole, [1991). Define X, 1 : R — R to be the demand
schedule submitted by trader n at period ¢, which occurs at clock-time th. X is a function from the price that clears
the market to the demanded quantity. Traders are rational in that they take into account their demand on the price
faced. Trader n faces the residual demand curve X, ., = 725\;” X th, as the market clearing condition implies
Zi.v:l Xi.tn(pin) = 0, equation . As proved in Appendix B, Y, 1 is the competitive demand allocation, scaled by
the E—Z, where E(¢;) = €, and E(¢7) = &,. Therefore taking the first order condition of trader n’s continuation utility,

(15), with respect to price and evaluating at the market clearing price, the first order condition becomes:

0
Tvn,th =
Pth Pth =P},
8 = -7 T A —
oo E {Z e ThE (ﬂMt+k ( = P(th—1)hEt+k Yo, (t+k)h T (1= €00 (i kyn Gtk Yo, (t4-0)h T Zn,(t41)R) — 5(1 — e "M (Ek Y, (b kyn + Zn,(t+k)h)2)
k=0

o PO
+]1§4t+k (—P(t+k)th,(t+k)h+(1_€ ! )Un,(t+k)h(Xn,(t+k)h+zn,(t+k)h)_;(1_6 h)(Xn,(t+k)h+zn,(t+k)h)2)) ‘Hn,th:| =
Pth=Pyp

Under technical regularity conditions, we can bring the differentiation inside the expectation and distribute it

across the infinite sum:
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> . O(P(t4k—1)hEt+kYn, (t+k)h) _r Otk Yn, (t4k)h T Zn,(t4k)R) A s Otk Yo, (t4k)h T Zn, (144
_E [Z o—Thk (ILMM( )8 (R (g gy ( a)* (t+k) ) ( a) . (
k=0 D3, Pin T Ptn
. OP(1+k)n X, (t+k)R) _T (X, (t+k)h + Zn,(t+k)n) A — iy O X, (t41)n + Zn,(t4R)R)
Uiy (* « )8 " (t1k) +(1—e h)’l)n,(t+k)h (¢ 19 " (t+k) —Z(1—e""h . (t4k) (t+k) ))‘Hn th]
Pin Pin 2r oryy,
(41)

In order to evaluate the partial derivatives in , we will need to look at the evolution of inventory to see the
functional relationship between inventory in period ¢t + k and the demand in period t. Iterating forward k times,

the evolution of inventory in period ¢ + k can be written as function of the equilibrium demand allocation X, ¢ as

k-1 j—1
5 *
Zn (b k)b = E Jljft+k7j( | | (1= sy Eevn s + 15, ) ) asp (4 jyh — 0Py + FZ )+
=1 ;

- = € r(Na —1) 1 Y Z
Z ]ljthrk—j ( ]___[ (1 LS.V A i Etrh— Zf + ]1Mt+k i ))§t+k —J gu ( AN — 1) <5n,(t+k7j)h N Z Sn,(t+k*j)h) + N)'i_
=1 i=1 n=1

k—1

( | R YA e zg + L5 Ld)) (2n,th + Xn,th)- (42)
i=1

Note that, without loss of generality, we can assume that 1§, =1 (1, = 0) as otherwise, the demand schedule
submitted is irrelevant. Using , , and the residual demand curve trader n faces, we can derive the partial
derivatives in explicitly. First, by the market-clearing condition, the equilibrium price is only a function of the
aggregate signal and the total amount of inventory. Therefore, a change in price in period t has no effect on prices

in the future in equilibrium.

8pZt+k)h
Opsn

From the residual demand curve with (38)) and the market clearing condition, we get the change in the optimal

=0, fork>1 (43)

demand with respect to a change in price is
8)(n,th
Opi,
Using , , and , we can derive the relationship of the change in future inventory as the price changes
in period t for k£ > 1 as

=b(N —1). (44)

azn,(t+k)h g &u
N P (g (e YA A e + 15, d))b(N —1). (45)

With the above partial, (45]), we can then see how future demand changes as a the price today changes.

OX oy, (t+k)h p Eu
Opin = <z:1_[1 (1- Lary i €t 15 + ﬂj\/ltJrk i ))db(N -1 (46)

From appendix B and we know that for k > 1 (as 8;/;’;" =0)

Pntign _ 5—“(kﬁ (U= Lty frphms 2+ 25, 7d))b<N— ). (47)
Optn & =1 o
Finally, from , and it is simple to see how the post-trade inventory after price and size-discovery

trading sessions change with respect to price as

k—1

8(Zm(tJrk)h + Xn,(t+k)h) £y
Opin = ( z:l_Il (1 Ingy g St k— Z& + 1Mt+k d)) (14 d)b(N —1), (48)
O(zn, (t4k)h + &tk Yo, (t4k)h) k=1 €n €
Apin - (g G BV A A U LS VA Td)>(1 - ?afwk)b(N - 1). (49)
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Now that the partials have been derived, equations , , , , , and can be plugged into

which when set equal to zero will yield the optimal demand schedule for trader n to play in period t.

k—1
—r TR - Eu
E [76 thtJrl§t+1yn7(t+1)h+b(N71)§i Ze hk]lMt+k£t+k H (171Mt+k—i£t+k Z{ +1Mt+k: i ) P(t+k—1)ht+ (50)

7 k=1 i=1
k—1
(1—e~M)b( f: —rhky ,iu 1-1 Su yqe d _2 Y,
My, (1 ; Etik) H( Myypo_ i Etth— i T, D) ) (Vnserron T(Zn,(t+k)h+£t+k ' (t+k)R) |+
k=1 c i=1

k—1

o0
* >k {
=X} p — (N —1)pj, —db(N —1) Y e Th’“ﬂgdt+k<]_[ (1= Tnrpyyo Eevn e + 1%, ,4) )Perrnt
k=1 i=1

. A
(1—e ™p(N —1) (Un,th - ;(zn,th + Xn,th)>+

k-1

e~ " —r c é A
(1—e=")b(N—1)(1+d) Z . hk]lMt+k ( | S Py e e 415y, ,d) Wn,(t+k)h*;(Zn,(t+k)h+Xn,(t+k)h) Hyin| =0
=1

To simplify further so that we can solve for the optimal functional form for trader n’s demand schedule in period
t, we need to take the conditional expectations of all processes that have a random variable in them. The first thing

to note is that the equilibrium price is a martingale, as total signals are martingales. Therefore we have for all £ > 1,

E[p?t+k)h|Hn,th} = p:}r (51)

Next, as the probability that a size-discovery session occurs is independent of all other processes and Las, ., ~
Bernoulli(g) for all £ > 0, then

E[IlMHk |Hp,tn] = q, where w € Z4 4. (52)

Note that 1%, ™ Bernoulli(1 — g) for all £ > 0, and therefore the expectation works the same way. For the next
conditional expectation, first note that the fundamental value process is a martingale. Then see Lemma 1 from Du
and Zhu| (2017)) for the derivation of the second equality, which is done by normal-normal updating. The conditional
expectation is then a weighted average between trader n’s total signal and the other N — 1 traders’ total signals,

inferred from the equilibrium price, where the weight is a;, a measure of the amount of adverse selection in the market.

Zg#n Sj,th
N-—-1

The conditional expectation of the future inventory process relies on (42]), , (52), the fact that total signals

are a martingale and the law of the unconscious statistician. After distributing the product of indicator random

]E(vn,(t+k)h|Hn,th) = E(vn,th|Hnth) = aspn + (1 — @) (53)

variables, we are left with the double sum

k—1

H(l Ingyy g s Ettho— 12 +]1Mt+k d)) (54)
i=1

oo k—1 E k=1

—rhk -
Z e’ ( H (1 LS Y. 2 Stplo— 15 + ]1M1+k i ) Z 1?\4¢+k71 (
k=1 i=1 =1

Combining similar indicators and rearranging yields the following expression

k—1 -1

Z Tth:]lMt+k l( = Uary i Ette— lg +1M1+k ld))( H (1- Uagy g €eth— JE +1M7‘+k ]d))(H

€. 2
(1 ]1Mt+k i Etrk— Zf +]1Mt+k ld) :
k=1 g=itl =t

Taking expectations of the random variables, which are independent across time and of any other random process

in the model, gives

A-q(+d)> e ™ i(lfq (1+d)+q(1— Z)) ((1fq)(1+d)2+q( f%))_. (55)

Finally, the double sum can be evaluated to be equal to
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e ?h(1 —q)(1 +d)
&2 &2 ’
(I—e (- +d) +a(l - )1 -e (1 -1 +d)?+q(1 - ¢)))
The conditional expectation of the future inventory process relies on , 7 , the fact that total signals

are a martingale and the law of the unconscious statistician. The result is different if a size-discovery session happens.

(56)

k—1

[eS) k—1 k—1
—r Ep Eu
Z hk(H (1= Lar g €oh ‘e, R T ZHMHMZEH’C*Z H (1= Lagy i€tk e 10y d) - (57)

k=1 i=1 =1 =1

Combining similar indicators and rearranging yields the following expression

oo k—1 k-1
—rhk Eu &u
Ze " Z]lMtHC,lgtJrkfl((l Iy gy Etti— z?+]1Mt+k ld))( H (1*1M,,+k,j£t+k e T, ]d))
k=1 =1 j=1+1
-1 § 2
X(H(l Uy g St s +]1]Mt+k,id)) . (58)
=1

First, take the expectations of the random variables, which are independent across time and of any other random
process in the model. It can be seen that ]lMkalfHk,L(l — 1N1t+,€7!§t+k,l§—’; + ]lfwt%_ld) = 0, and, therefore, this
whole term equals zero.

The equilibrium demand allocation from Appendix |B|for size-discovery sessions, we have the expected allocation

next period if a size-discovery session happens is

E(Y,, (t41yn|Hn,th) = g: (% <Sn,th Z Sn th) z — Zn,th — Xn,m)- (59)

Note that we can also condition on 1, = 0, as if a size-discovery session occurs in period ¢, then the demand
schedule we play in period t is irrelevant. Plugging 7 7 , and (57)) into , and evaluating the infinite
sums, as they are geometric sums and assuming for and verifying later that |(1—¢)(£+d)+1—¢| < ", the first-order

condition becomes
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2 /r(Na— 1 Z 2 b(N —1)ggte ""p,
_efrhq% (%( Sn,th — an th) — Zn,th T N) +e hl]%xn,th'i' " +
“ “ T—emh((1—q)(1+d)+q(1 - ?”))
(1= e~™M)B(N — 1)(1 — St )geh
fo 5% E[Un,th‘Hn,th] (60)

L—e ™ ((1—q)(1+d)+q(1—¢))

( e2rh(1 — g)(1+d)
" (I—emn((1—q)(1+d)+q(1 - 2—“)))(1—e rh((1— q)(1+d)? +q(1 — 25)))

efrh

L= e (1= )1+ d)? +q(1 — )
db(N — 1)(1 = g)e~""py
L= e ((1—g)(1+d) +q(l — &)
(1 —e™b(N —-1)(1+d)(1 —q)e~ "
L= e (1= q)(1+d) +q(1 — &)
(L= eV — 1)(1 + d)2(1 - g) 2 (1~ g)(1 + d)

" ((1 —e (1= q)(1+d) +q(1 - E—z‘)))(l —e (1= q)(1+d)? +q(1 - ?2 )

- A1 —e ™)b(N —1)(1 — %)q

(asn,th*bp:h +fZ)+

(Zn,th + Xn,th)) +

_Xn,th - b(N — Dpn —

A
(1= 0 = 1) Blunanl ] = 2 o+ X)) +

A *
(E[Un,th|Hn,th] - (flsn,th —bpyy, + fZ))

(asp,ch—bPip+fZ)+
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e—Th

e (zn,en + Xn,th)) =0
L—e((1-q)(1+d)% +q(1 - §—>)

The rest is rearranging and minor simplification of ) to match coefficients of the optimal demand schedule,
Xp,th, submitted for trader n at trading period t at clock—time th given all other traders submit . As we will
see, the optimal demand schedule, X, 1, will take the same functional form as . From this relationship, we will
match coefficients from the conjectured functional form, evaluated at the equilibrium market clearing price, and
that found in the below equation to pin down the coefficients in equilibrium. The main algebraic steps that happen
are moving all terms that involve X, ¢, to the other side of the equation and combining all terms that are a function

of Sn,th — Sthy Zn,th, and £ together I start the algebraic work by combining all like terms
2 _ _ ,—rh _
—efrhqgi (7’)(\5\]7\?7_11)) (Sn,th - §th) + %) + (e )bV~ 1) &2 Elvp,th | Hnp,tn]+ (61)
’ 1—e((1—q)(1+d) +q(1 - ))

(1 —e ™b(N - 1)1 +d)(1 —qle~"h )

b(N —1)(1 —e~"h)

- £2 P:h - €2 (a‘snath - bpt*h + fZ)
L—e (1 —-q)(1+d)+q(1—¢)) r(l—e (1 - )1 +d) +q(1—¢)))
A= eV = 1)((1 - @)1+ d) + (1 - %)) e=2rh(1 — q)(l + d)(asn.in — b0}y, + £ 2)
T (I—e (1 -q)(1+d)+q(1 ))(1 e~ 7'h((1—q)(1+d)2+q(1—§—§)))
2 _ e*'r‘h _ 2 _ efrh _
(efrhqéi_ (a )b(N — 1)A . )Zn’th _ (1_efrhq5i+ a )B(N — 1)A . )Xn .
0 rl—e ™ ((1—q)(1+d)2 +q(1l— ) 0 r(1—e (1= q)(1+d)?+q1— )
Next, plug in the equilibrium price pi, = §35 + d';,]ZfZ. Note that it is needed that a = b, such that the
left-hand side can be written as a linear function of sp +tn — Sth.
_h & (r(Na—1) P z (1 —e"™b(Na — 1) . s
Ea( AN fl)("’th th)+N)+1—e Th((1—q)(1 +d) + q( 2))(n’th )t o
(N=1)(1—e"h) d+NfZ (1 —e "™b(N — 1)1 +d)(1 — q)e~""A _ Z
- €2 N - I3) (a(sn,th - Sth) - dﬁ)
L—e ™ ((1—q)(1+d) +q(l—¢)) r(1—e (1 -q)(1+d)+q(1-¢)))
A= eI = D((1 = )1+ ) +a(l = ) e*%hu —0+d (a(mon — 501) — d2)
r (1= e (1= )1 +d) +a(l — £9)) (1 — e~ (1~ q)(1 +d)2 +q(1 — ££))
2 _ e—rh _ 2 _ e—'rh _
(et T | S (176_%3” . o S P
(- e (L= @)1+ d? + gl - ) (e (- @)1+ D)2 +q(1 - )

Finally, combine all like terms of Z and s, tn — 5t» to get the final

[767%% -— (N—D(—e") 4N (63)
e (1 =) (1 +d) +q(1 — )
e ™A1 — e "M)B(N — 1)(1 — ¢)(1 + d)d }g
r(l—e (1 -q)(1+d)+q(1— g“ )))(176_”1((1*q)(1+d)2+q(17%))) N
{ (1—e"M)b(Na—1) fﬂ r(Na—1) R

176—”‘((1*!1)(1+d)+q(17g—‘i‘)) € ANV - 1)
Al — e ™M)B(N — 1)e="ha(1 — q)(1 + d) } (
r(l—e ™ ((1-q)(1+d)+q(1 - %)))(1 —e (1 —q)(1+d)? +q(1 - 5“ “)))

Sp,th — 5tn)

( on & (1= e~ )b(N — DA )
€ qé. 52 Z’n,th -
T (1 emh (L - q)(1+ d)? + q(1 - )))
2 _ e—'rh _
(1-erah 4 L L
S r(l-em (1 - g)(1+d)? +q(1 - )
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Taking and plugging in the conjectured market clearing price gives the equilibrium allocation X7, ,, (piy) =
a(Sn,th —Sth)+dzn th — %Z. Therefore, by matching coefficients, three equations with three unknowns can be set up to
pin down b, d, and f, given we already know how a = b. The analytical solution is a solution to a cubic equation, and
while technically has a closed-form solution, it is unwieldy. I, therefore, omit it as given the length of the formula,
there is little economic intuition one can learn directly from it. I only focus on one of the three solutions to the
cubic. One solution implies a d ¢ (—1,0) and therefore the infinite sums done earlier will not converge. Therefore,
that solution can not be one in equilibrium. The other two solutions are solutions of the cubic and are essentially
mirrors of each other and are always in (—1,0). As the number of traders diverges to infinity, N — 0o, one solution
converges to trade vanishing, and the other converges to the competitive equilibrium. I therefore only focus on the
one that converges to the competitive equilibrium as the number of traders becomes large, as that matches economic
reality and intuition. Similar logic is used in |Du and Zhu| (2017) and |Antill and Duffie| (2020) when choosing which

equilibrium to focus on. After algebra, the four parameters can be shown to satisfy

_ r(Na—1)
a= fdm, (64)
b=a, (65)
d a\
f= —N - Nif (66)

(1+d)d(Na—1)(1 —e~"h)

L e ((1— q)(1+d)? +q(1 — )

where d is the solution discussed above to the bottom equation. Therefore, the equilibrium demand schedule
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e_rhqg—”(l +d)=d— (67)

submitted, price, and allocation are

i AN —1 Al —a
Xn,th(p) =a |:Sn,th —p— mzn,th + ﬁzy (68)
A
Pip = Sth — WZ’ (69)
N N r(Na—1) _ Z
Xt (Pip) = —dwu m(sn,th = 8th) = Zn,th + 7 |- (70)

The next step is to check that the second order condition is negative in equilibrium, and therefore the d we
solve for is a minimum. Differentiating (41]) again with respect to price yields the following equation needed to be

evaluated at the solved for d.

o _ 02 (p(t4k—1)hEt-+k Yo, (t4k)h) _ O?(EtqiYn (t4r)h + Zn(tik)n) A o Ok Y (ta )k T Zn (e k)h)?
E |:Z e~ Thk (1]\4t+k ( _ ( g - 5 ) + (1 _e rh)vn,(tﬁ»k)h 1(8 *) 5y 5 ) _ 7(1 _ rh) ( 5 ) ,(t+k)
k=0 (Opi,) (9p5y) 2r (Opf,)?
18 ( 2(P(t-+)h X, (b k) I mY . hBQ(Xn,(t+k)h + 25 (t+k)h) A a eiTh)82(Xn,(t+k)h + Zn,(t+k)h)2)) ‘H th]
* - n,(t * TV * )
Mot (Op7,)2 (o (@972 2r (097, "

(71)
In (71) many terms disappear when differentiating a second time with respect to the price as they are linear in
price. Therefore (71)) becomes

E {26—7-;111%“5”1 %b(N -1 (72)
—rhyp2 2 A o=k Eu 2 = & 2
—(1—e (N - ?Z Loty (1= ) 1:[1 (G PR e Rl T ) )+

—2b6(N —1) — (1 — e "™Mb3(N — 1)25+

k—1

_ A~ _
—(1—e MV — 1)2(1+d)2; de TthlRIHk(H
k=1

i=1

¢ 2
(1= Lnrppgo Eevnm ity + 1%, ) ) |Hnn

o1



2
Clearly, every term is negative except for the first term. The expectation of the first term is 267Thq%b(N -1),

which is less than the negative term 2b(N — 1) in the third line, as by Jensen’s inequality, > < &, and ¢ < 1.
Therefore, is negative when the equilibrium d € (—1,0). This implies that the demand schedule we solved

for is a maximum.

Appendix A.1 Proof of Price-Discovery Optimality for Matching Sessions with Im-

paired Size-Discovery

When the size-discovery session is modeled as a matching session, the equilibrium demand schedule is slightly
different. During a work-up session, the prior price is used as the price for the size-discovery session. In a matching
session, the price used for size-discovery trading is provided by the platform operator to maximize the expected total
volume, which is proved to be the correct price in Appendix [C] Therefore, the FOC is the exact same except for
the first term, as demand today does not affect the price used in the next trading session if a size-discovery session
occurs. Therefore, the FOC is

[e%s) k—1
E {b(N - 1)% > e‘rhkﬂMtHEHk( | R PP e 22 Ry VA ))p(t+k—1)h+ (73)
7 k=1 i=1
oo k—
—rh 5 : 6 A
(1—e Z ]1A4t+k €t+k) H (1—]1Mt+k,i§t+k 26 -HIM,M 7d) Un,(H—k)h_;(zn,(t+k)h+£t+kyn,(t+k)h) +
k=1 i=1

k—1

* * > E
—Xn,th = 0N = 1)pp, — db(N — 1) Z g, ( I1a- ]lMtJrk—iEH'k—igi + 15, ;D) |Pernt
k=1 i=1 c

_ A
(1—-e Th)b(N -1) (Un,th - ;(zn,th + Xn,th)>+

k-1

- S €u A
(1-e rh)b(N—l)(Hd)Ze hkﬂ?vff+k(H (S S VAN T i, S+ 18, D) ) (Onern = Go, @kt X (e aon) ) | Hoen | =0
= i=1

Skipping the algebra, which is almost the exact same, after taking the expectation and evaluating the sums, the

FOC can be written as

[_ (N-D(1—e) g (d+ NP+ (74)

L—e (1= q)(1+d) +q(1 - )
eTTPA(L— e~ "Mb(N — 1)(1 — g)(1 + d)d }z
r(1—ern((1—q)(1+d) +q(1— 2—“)))(1 e ((1—q)(1+d)? +q(1— %E))) N
[ (1 —e"™)b(Na—1)
L= e (1= g)(1+d) +q(l — 22))
- ML — e—rh)b(JZ; De a(1 - g)(1 +d) o ] (smh — 5en)
r(l—e ™ ((1-)1+d) +q(1—¢))) (1 —e (1 -1 +d)? +q(1 - )))

(7 (]. _ e*Th)b(N — 1))\ )Zn ih =
r(1—e="h((1 - q)(14d)? + q(1 — %’;))) ’

_ e~ Th _
(1 + a J(NV = DA 2 ) n,th-
r(l—e " ((1-q)(1+d)?+q(1 - g';)))

Taking and plugging in the conjectured market clearing price gives the equilibrium allocation X, ,, (piy,) =
a(Sn,th — Stn) + dzn,ih — %Z . Therefore, by matching coefficients, three equations with three unknowns can be set up
to pin down b, d, and f, given we already know how a = b. There are two solutions that are essentially mirrors of each
other and are always in (—1,0). As the number of traders diverges to infinity, N — 0o, one solution converges to trade
vanishing, and the other converges to the competitive equilibrium. I therefore only focus on the one that converges to

the competitive equilibrium as the number of traders becomes large, as that matches economic reality and intuition.
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Similar logic is used in [Du and Zhu| (2017) and |Antill and Duffie| (2020) when choosing which equilibrium to focus
on. After algebra, the four parameters can be shown to satisfy

r(Na—1)

a=—d——= AN 1) (75)
b=a, (76)

d a\
f= *N - M7 (77)

(1+d)(Na—1)(1 —e™"h)
- e ((1— q)(1 +d)? +q(1 — ££))

Solving the quadratic equation for dms and focusing on the more economically intuitive equilibrium yields

— 1. (78)

\/(Na —1)2(1—e"h)2 —de="h(1 — q) (e "hq(1 — 2—“) —1) = (Na—1)(1—e""h)
dms = —1 .
+ 2e~Th(1 —q) (79)
The equilibrium demand schedule submitted, price, and allocation are
. AN —1) A1 —a) }
X =a|Spth =P~ ————%n 4, 80
n,th (P) “{5 TP i Na— 1) Y S (va = 1)) (80)
. A
Pin = Sth TWZ7 (81)
« . r(Na—1 B 7
Xy en(Pip) = —dms [ﬁ (Sn,th = 5th) = Zn,tn + N} . (82)

The next step is to check that the second order condition is negative in equilibrium, and therefore the d we
solve for is a minimum. Differentiating (41) again with respect to price yields the following equation needed to be

evaluated at the solved for d.

> 02 (P(t+k— 1) t+k Yn, (t+k)h) O (&eqk Y, (t4k)h + Zn,(t4k)h) A O (Etp kYo, (t+k)h T Zn, (t4k)R)2
E o—Thk <1M (_ (t+k—1) m(tHRR) (g gmrhy, n,(t+ m(tih) X g —rhy +k) [(t+k) )+
[g bk (Op7,)? (R @Op7,)? 2 @Op7,)?
(Pt X k)h) _ 2?(x kyh T2 Kh) A o 2(X kyn 2 kyh)?
H?VIH_;C( (t+k) g ”2a(7H’ ) +(1—e Th)Un,(H»k:)h n,(t+k) 2 Qna(t+ ) —Z(1-e rh) n,(t+k) . 2”1(t+ ) )) ‘Hn th]
(apth) (8pth) 2r (apth)
(83)

In (71) many terms disappear when differentiating a second time with respect to the price as they are linear in
price. Therefore becomes

k—1

2 — 2
E {— (1—e ™Mp*(N —1)° ; Z TR (1= %ft-wc)z( H (1= Vs Eegn 12 + 15 ld)) + (84)

k=1 i=1

—2b6(N —1) — (1 — e "™Mb3(N — 1)25+

k—1

A e 5 2

—rh\12 2 2 —rhk

—1—eT"ME(N -1)21 +4d) ;g:e r Mfwk(] |1 (1= Ty Etrn i +1Mt+kﬂ,d))
=1 i=

Hn,th,:|

Clearly, every term is negative. Therefore, the second derivative is negative when the equilibrium dms € (—1,0).

This implies that the demand schedule solved for is a maximum.

Appendiz B Proof of the Impaired Work-Up Optimality of Demand Quantities

In this appendix section, I derive that (17]) is the optimal demand quantity to submit for size-discovery sessions in

the class of linear, symmetric, and stationary demand quantities for when size-discovery sessions occur. The proof is
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unaffected if the demand schedule played in price-discovery sessions accounts for the size-discovery session as impaired
or not (the coefficients used during the price-discovery sessions differ but do not affect the solution). Define &; to be
a random variable on the unit interval with CDF F. &; represents the fraction of the competitive allocation that a
trader receives when there is a size-discovery trading session. In the standard discrete-time setting that is the main

focus of this paper, I take £ = 1 almost surely. The demand quantity conjectured will take the following form:

Z
Wn,th = Gs (Sn,th - gth) +ds (Zn,th - N) (85)

The exact functional form for the allocation mechanism, Y, n (1), as a function of the quantities demanded,
does not play a role in the equilibrium demanded quantity as long as it generates the competitive allocation when
all traders submit . The cash transfer function will be . If & # 1 almost surely, then both Y, ;, the cash
transfer function will be scaled by &;. I will use the one-stage deviation principle to verify the equilibrium strategy.
As a reminder, let 1y, be an indicator function equal to one if a size discovery session occurs in period k and zero

otherwise (a price discovery session occurs in period k). The inventory of a trader evolves according to

Z *
Zn,(t41)h = Zn,th + Lo, &t (as(sn,th — 5tn) + ds (2n,tn — N)) + Tg (asn,th — bpfy, + dzn,n + fZ) (86)
Plugging in the equilibrium demand schedule solved for in Appendix A when price-discovery sessions occur gives

the slightly simplified equation

r(Na—1)

_ Z
AN =) (Sn,th — Sen) + N) + (1 + Tar&eds + 154,d) znn- - (87)

Z
Zn,(t+1)h = LM, &t (as (Sn,tn — 5en) — dsﬁ) — ]l?md(

Therefore taking the first order condition of trader n’s continuation utility with respect to trader n’s demand quantity,

the first order condition becomes

Vn,th = (88)

aﬂn,th Hn th

=~ _r AP (t4k—1)hEt+kYn, (t+k)R) . Otk Yn,(t+k)h T Zn,(t+k)R) A s &k Yo, (b1 k)h + Zn,(t4k)R)2
E —rhk 1 _ n, 1— —rh 7, n, EANE —rh , n, )
[,;)e ( Metk ( 8Nn,th + ( ¢ )Un’(tHC)h aun,th 27"( ¢ ) 8,U»n,th *

+(1—eirh)vn,(t+k)h -

c (_ 8(p(t+k:)th,(t+k:)h)
8;U'n,th, 2r 8'“‘”7“1

O( X, (t4k)h + Zn,(t4k)R) A T (X, (t4k)h + Zn,(t4k)8)* o
Mopr . —(1—e™) n,th |-

To study the evolution of inventory, iterate equation (104) forward k times. Then the inventory of trader n in

period t 4+ k can be written as

j—1

k—1 ,7
Zn,(t+k)h = Z (
Jj=1

a

r(Na—1) _ Z
(L + Iy g Sth—ids + ﬂ?wt+k,id)) 154, (=d) (7 (Sn,(t+k—g)h — B(t+k—g)n) T N) +

i AN =)
k—1 ,57—1 A
( T+ 0y Gen—ids + ﬂﬁwﬂkﬂd)) Iy &tth—g (as (Sn,(t4+k—j)h = S(t4+k—g)h) — dsﬁ)Jr (89)
=1 Ni=1
k-1
< H (U+ Tas g Eorn—ids + ]1?\/[t+k7id)> (Zn,th +&tYntn)-
=1

Note that, without loss of generality, we can assume that 1y, = 1 (15, = 0) as otherwise the demand quantity
submitted is irrelevant. Using , , and the residual quantity trader n faces, we can derive the partial
derivatives in . First, by the market-clearing condition, the equilibrium price is only a function of the aggregate
signal and the total amount of inventory. Therefore, a change in quantity demanded in period ¢ has no effect on

prices in equilibrium.

(4 kyn

=0, fork>0 (90)
a:u"n,th
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Finally, the change in the allocated quantity with respect to the quantity demanded is the subderivative of
oYy th
Oin,th
then it is not differentiable at pn ¢n = 0, but the subdifferential is in a bounded range that does not include 0, but it is

:=Y),, as Y}, s, may or may not be differentiable everywhere. If Y, 41, is the proportional rationing mechanism,

differentiable everywhere else. If Y, 45 is the additive rationing mechanism, then the subderevative is the derivative.
Using the above equations, we can derive the relationship of the change in future inventory as the demanded quantity

in period t as

0, ifk=0
P2n, 141k _ Yo, ifk=1 (91)

a.“‘n,th
Yust(n (U Dary G ids + 15, d)), itk >2.

With the above partial, (107]), we can see how future demand in price-discovery sessions changes as the demand

in size-discovery sessions in period ¢ changes.

0, ifk=0
OXn,(t+k)h — ] v.&d, ifk=1 (92)

Opith
Yuétd(Hl 1 (U4 Tar, i ids + 15, 1d)>7 if k > 2.

From (|107)) and the residual demand quantity, we know that for k > 1

Y (t4k)h _ Yu&eds, ifk=1

(93)
Otin,th )/&%( (1+1Mﬂk1&H3Ms+ﬂMHk1@>7 if k> 2.

Finally, from (107)), (108)), and (109) it is simple to see how the post-trade inventory for price and size-discovery

sessions change with respect to quantity demanded in period ¢ as

0, ifk=0
O, atmn + Xnarin) _ Jy,e,1+a), if k=1 (94)
8.“‘n,th
Vuée(1+d) (H P L Seemids + 15y, 1d)>, if k> 2,
YH§i> ifk=0
OCn.etmn &k Ynermn) _ )y, 6,1+ dutoan), ifk=1  (95)
8un,th

Yuft(1+d55t+k)(nz 1 (1+]1Mt+k 1£t+k 2d5+1Mt+k d)) ifk>2,

Now that the partials have been derived, equations (106, (107), (108), (109), (110), and (111 can be plugged

into (104) which when set equal to zero will yield the optimal demand quantity for trader n to play in period ¢ when

a size-discovery session occurs.

o k—1
E {— N T R Z efrhkﬂMkatMP(kal)h( H (L4 Tar, o Sern—ids + s d)) + (1= e ™ Yy
k=1 =1
Yu(l—e "M hy S~k T
— e G Y ) FE Y (1 Z TR L (1 dsbe k) vy, (Hk)h( 11 (1+1Mt+,c,i5t+k7idsﬂﬁmk,id))
k=1 =1
(1= e ™MAYuEe =i b
S D> e s (U4 dsbirk) (Znegmn + §t+kYn,(t+k)h)( IO+ 1ar o Egrids + ]1?\4“&4‘1))
k=1 =1
oo k—1
—rhk
—dY,& Z e " lﬁ/jt+kp(t+k>h( H (U Tar i Gopr—ids + H?WtJrk'—id))
k=1 =1

k—1
+(1+d)Yu&e(1—e™™) Z eirhk]lMurk 7(t+k)h( H (U4 Tag, o ophids + ]1Mt+k—'id))
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Lo e ™Y1+ d) S i p .
_( ) Iz +( ) Z hkﬂMt+k(zn,(t+k)h+Xn,(t+k)h)<H (1+1Mt+kfi£t+k—id5+]1Mt+k,id))‘Hn,th:| =0

T k=1 i=1
(96)

To start the simplification, factor out the common term Y,,, which is never zero. Then, plug in the inventory

process to get

k-1
[ &ept—1)n — dsbt Z e rhkﬂMt+k§t+kp Lk 1)h( H 1+ Iy y g Sth—ids + ]lMH_k ld)) + (1 — e ™&vn1n
k=1 i=1
(1—e ™G o~ rhk =
_%(zn,thﬂ‘ftyn,th)"'&(l_e Z Loz, yp (1+ds&ttk)Vn, (14 k)0 lj1 (I+1as,,p_ Etyn—ids T, .d)
T—e ™MAg S, k1 . A
_(rit Se hk]lMt+k(1+d5€t+k)( II (1+1MH,H€t+k—ids+]1Mt+k,id)> [(as( (t+k—3)h S (t+k—j) N)
k=1 i=1
k-1 ,j-1
. . r(Noo—1) _ zZ
(1 +&eprds) ( > ( [T+ tar e Errnids + M\ka_id)) 1y (=) <m (Sn,(t+k—s)h = S(t+k—)n) + N)JF
j=1 Ni=1

el
|
-

j—1
_ Z
( [T+ 2ar o Ervnids + ﬂ?uurk,id)) Ungp gy Stth—j (as (Sn.(t-+k—i)h = S(t+k—5)n) — dsﬁ)Jr
1 i=1

<.
Il

k—1
( H (1+ Inty g St+k—ids + 1?\/1t+k7id)) (2n,tn + ftﬁmh))}
=1
e} k—1
—d& > e_rhk]lht+kp(t+k)h( IT (Ut ovnids + ﬂﬁftJr,c,id))
k=1 =1
e} k—1
+(1+d)ee(1—e ™) Z I S YA n,<t+k)h( IT o+ 2nr,, Gonmids + ﬂ?vzt+k,id)) (97)
=1 i=1
k—1
1 —e ™A1 +d)é = _ r(Na —1) _ A
- " de Thk]l?utJrk II (14 0ar, Eh—ids Gy, d) ) |(=d) m(Sn,(t+k—j)h*5(t+k—j)h)*N
k=1 =1
k—1 Jj—1
r(Na—1) _ zZ
+(1+d (Z ( TT (U Lagy s srimids + 1, d)) Latyppy (=) (W(snmw)h = S(t+k—g)n) T N)Jr
j=1 Ni=1

E

-1 ,j—1
Z
( 1+]1Mt+k sStrk— zds+1]\/]f+k d))ﬂMtM Etk— J<as(8n (t+k—s)h = S(t4+k—j)n) — ds N>+

=1 i=1

<.

k-1
( H 1+ Ingyy g Sth—ids + ﬂ?\/jt+k_id)) (Zn,tn + ftYn,th)):| ‘Hn,th} =0
i=1

Now, we're in a form where the expectation can be taken. Note that &1, 1, , and vy (s 1) are independent of
each other, and &;yx and 1as,,, are also independent across time (k). Finally, define E(&:4x) = €, and E(¢ ;) = &
Finally, recall that the total signal process and, therefore, prices are martingales. Also, factor out a &, after taking

the expectations. Using this, (113) can be written as

~P(—1yn — a€udspi—1yn D e (14 gépds + (1 — @)d)* T+ (1 — ™) Efvg, o | Hnen]

k=1

1—e "M\ o o o~
—%(zmwE—Yn,m>+q(1+fuds)<1—e ") E[vn,th | Hn] D e (14 g€uds + (1 — q)d) "~
w k=1

_ ,—rh o
Gl D e rhE {q(l +€uds) (1 + qépds + (1 — q)d)* (as(sn,th —5) — d%)
=1

T

b2t €02) ( (500 (i —5un) )j —d)(1-q)(1+d) (1 a6uds+(1-@)d) 7~ (a(14+2€,ds+Eo )+ (1-q) (14+)%)

AN
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k—1 ) )
(as (Sn,th - gth) - ds%) Z qgu(l + Eids)(l + qguds + (1 - Q)d)Iﬁﬁl (Q(l + 2£,uds + §ad§) + (1 - Q)(l + d)2)]71+
yn

=1

(01 + 260ds + €0d) + (1 — @)1+ d)2) ™ (30n + é—wn,th)ﬂ
m

o0
—d(1 = @)p—1yn p_ e (1 + géuds + (1 - q)d)" !
k=1

+(1+ d)(1 — @) B en [ Hpen) (1 — ™) 37 e ™ (14 g€uds + (1 - q)d)* ! (98)
k=1

C(L—e ™A+ d)(1 - g)(—d) (r(Na —1)

r AN —1)

Z\ & _
(Sn.th — Sen) + N) S e (14 gguds + (1 - q)d)"
k=1
r(Noa — 1)

_ .—rh 2 _ oo k-1 . ;
(1 —eT"™NA+d)*(1 - q) S erhk ((17q)(1+d)(—d)(m(sn‘th—E,,h)+%) ST (14 q€uds + (1= )d) P I  (g(1 + 260 ds + €0d2) + (1 — ) (1 +d)?) T4
k=1 j=1

T

k—1
a€u(1+ g—”da ((h —5u) — d%) ST (1 + g€uds + (1= q)d)" 7T (g(1 + 26uds + E£5d2) + (1 — )1+ d)?)7 4
1 j=1

(¢(1 + 26uds + €0d2) + (1 — )1+ d)2) " (2n,0 + E—UYn,m)) =0
I

In the next step, I will evaluate the partial sums and then the infinite sums. Assume, which can be verified after
solving the equilibrium, that |e=""(q(14+£,ds)+(1—q)(14+d))| < 1 and |e~""(q(1+2€,ds +£0d2)+(1—q)(14+d)?)| < 1.
Then (114) can be simplified and written as

qgueirhds —rh
—D(t— — _ +(1—e El[v, th|Hn
Pee-nn = 7T =" (1+ q€pds + (1 — q)d) p—1)n + ( ) Efvn tn| Hn th]
(L—e ™A &o q(1 +&uds)e” " (1 —e” ")
_ " Y, Elv, H,,
r (enun ¥ &u )+ 1—e (1 + g€uds + (1 — q)d) [ ]
(1—e""™A { q(1+ fudS)e_rh ( ( _ ) d Z)
- as(Sn.th — Sth) —ds—
T 1—e 1+ qéuds + (1 —q)d) \"° o SN

(1= q)(1 + d)e™ 2N (—d) (ST (Sm,th — 5en) + &)
(1—e (1 + q€uds + (1 — q)d)) (1 — e~ (q(1 + 26uds + £5d2) + (1 — q) (1 + d)?))

q§u(1+ %d5)572rh (as (Sn,th - gth) —ds %)

+q(1 + 26,ds + Eadi)( +

(1= e 7" (1 + géuds + (1= 9)d)) (1 — e 7 (q(1 + 26uds + E2) + (1 — )1 + 7))
e ™ &
TR T T T a T e )
_ d(l —g)e "
LT—e (1 + g€uds + (1 — g)d) P(t—1)n
(1+d)(1—qe ™1 —eTh)
T e (Lt gends + (1 qyd) ot Fnend (99)
(I—e™A1+d)(1 —ge”™ r(Na—1) _ Z
Tr( e (Lt gds + (1 0)d)) o (=g e =) + )
C(L—e™MAA+d)*(1—q) (1= @)1 + d)e =2 (—d) (KT (snen — 5en) + Z) .
" (1= e (14 g€uds + (1 = )d)) (1 — e~ (q(1 + 26pds + €5d2) + (1 — ) (1 + d)2))

qgu(l + %Ids)ef%“h (as (Sn,th - gth) —ds %)
(1—e (14 g€uds + (1 = q)d)) (1 — e (q(1 + 26uds + €0d2) + (1 — q)(1 + d)?))

—rh
o

e 13 _
1—eh(q(1 4 26uds + £5d2) + (1 — q)(1 + d)?) (ot + EY"’“I)} =0

From here, it is all algebra to show that the Y}, ;5 is linear in s, and 2y, in equilibrium. Then we will match
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the coefficients from the conjectured linear form to pin down the coefficients in equilibrium. Start by combining the
like terms and simplify out a 1 —e™"" of (I15) to get

1 1
T e h(1+ gEuds + (1— q)d) D" tiz e~ (14 g€uds + (1 — q)d) e anl o]
Ae—Th o r(Na — 1) 3
T = e (1 + gépds + (1 — q)d)) (1 — e—" (q(1 + 26pds + £0d2) + (1 — )(1 + d)2)) (as(”gds)qg#*md(lw)(lﬂz)) (Sn,th—5tn)+
n (0504 52 do Yoty + 1+ )1 —0) 2t
r(L— e (14 g€uds + (1 — q)d)) (1 — e (1 + 26uds + £ad2) + (L — )L+ d)2)) * °1 g /9" DN

_ A £
(1 —eh(q(1 + 28uds + £0d2) + (1 — q)(1 4 d)?)) (onon + £ Yo.tn)

For now, assume that there is no shock. Multiply through by 1 Plug in the equilibrium price and expected value

and combine to get:

1 (r 1Z)+ 1 r(Na—l N1 —a)_ )
- —5ith — — - Sn,th — 5
T—e(1+guds+(1—qd) \X " N T—e(1+quds+(1—qd) A\ N—1 ™" "N=1 "

e~ Th = r(Na—1) B

_ (1 p— (1 ¥ qé’uds T (1 — q)d)) (1 Jp— (q(l T 2£Hd5 T égdg) n (1 — q)(l + d)2)) (as(1+ads)qguf )\(N _71) d(l‘i’d)(l*Q)) (Sn,th*Sth)Jr
e—Th ¢s Z

+ e (1T 6d T (-0 - (1 T 260 T & B) T A0+ D7) (ds(1+ ads)Qéu +d(1+d)(1-q) T+

_ 1 34
T 1 e h(g(L+ 26uds + E0d2) + (1 — q)(1 + d)?) (en.tn + € Yo.in)-

After combining like terms one last time, it can be seen the optimal allocation is now a linear function of the

deviation from the average total signal, snn — S¢n, the prior inventory level, z,.:x, and the perfect risk-sharing

amount, %
1 r(Na—1) B
1—e (14 géuds + (1 — q)d) AN —1) (sn.n = 5en)
- o g, TVO=D
= (76 (= 0d)) (= (@ T 2604 T & B) 7 (1= F 7)) (@ (Itg, dabu =gy A+ A=) (sn.en=sun)+
+ ! z,
1= e (q(1 + 26uds + £0d2) + (1 — @) (1 + d)2) N
! 1 &
n,th = — Y th-

T e (g(1+ 2pds + £0d2) + (1 - q)(1 +d)2) L—em(q(1 +28uds + &0d2) + (1= q)(1 +d)?) & ™
Therefore, any Y, i, that allocates pn,:n when all traders play (L01)) yields

1 r(Na—1) (s —5m)
T—e (1 + géuds + (1 —q)d) AN —1) * W7t
_ e ™ & _riNa—1) _ s
(1—e (1 + q€uds + (1 — q)d)) (1 — e " (q(1 + 26pds + £,d2) + (1 — q)(1 + d)2)) (as(l-ﬁ-g” ds)ay AN —1) d(1+d)(1—q)) (Sn,th Sth)+
+— ! Zy
1— e~ (q(1 + 26uds + €0d2) + (1 - q)(1 +d)?) N
1 3 1 €0 o \ad z
e i T T T B T (DT D7) Znth = T (T 26pds T 60 )+ A=)+ D) En <as (Sn,th—5tn)+ds (zn,thfﬁ))

Matching coefficients on z, ., yields the equation

0=1+%4,,
i

which has the unique solution



Plug this in for the above equation to get

1 r(Na—1)
1—e=rh(1— q% +1—g)d) MV-1)

(Sn,th - '§th)

e rh r(Na—1) ~
+ 2 2 d(1+d)(1 — q) (sn.en — 5en) +
(L= e (1= gk + (1= )d)) (1 - e~ (g1 = &) + (L= q)(1 +d)2)) M~V L
1 Z
+ o 5
1—e (gl — %)+ (1 —q)(1+d)?)

1 Z
= 2 f (as (sn,th — 5en) + fiﬁ)
L—e (gl — )+ (1 - g1 +d)?) >+ 7
The % will cancel out and the fractions simplify out to get

1 r(Na—1)
1_67rh(1_q§7§+(1_q)d) >\(N—1)

(Sn,th — 5tn)

. e "™hd(1 4+ d)(1 - q) r(Na—1) (m.th — 50n) +
(1= e (1= g2 + (1 - q)d)) (1 — e "R (g1 — ) + (1 — )1 +d)2)) MV =D
1 o _
€2 ?as (Sn,th - Sth)-
L—e (g1 - &) + (1 —q)(1 +d)?) >+
This simplifies to
1 r(Na—1) _
2 (Sn, - )Jr
1—e"h(g(1 - %‘)-‘r(l—q)(l-i-d)?) AN -1) th — Sth

1 o -
= 2 *as(sn,th - 5th)~
L—e (gl = &) + (1= (1 +a)?) &

Matching coefficients yields

Eur(Na—1)
2=~ L —qa.
€ AN —1)
Therefore, the unique linear equilibrium, up to a constant shift, is
& (r(Na—1) _ Z
Kn,th = & \ AN 1) (Sn,th Sth) Zn,th + N
which allocates ¢ v 0 5
r(No —
Yn =2k —— n -5 — %n -~ |-
n (1) £ ( AN —1) (5 Jth Sth) Zn,th + N)

To check the second-order condition, differentiate the FOC again. As every term has a Y, in it, the second-order

condition can be written as Y}, times the FOC, which is zero in equilibrium, plus

(1 _ e_""h))\ﬁtQYQ (1 _ e—rh)>\y2§t2 o B k—1 2
E [f . £ —* e Th’“nM,,+,c(1+dsst+k)2( IT (4 0ar,, &eqn—ids + m%ﬂd)) (100)
k=1 1=1
(1 _ eiT'h))\Y2§2(l + d)2 [e’e) B k—1 2
_ Tll« t Z e Thk]l[juﬁrk ( H (1 + ]1Mt+k71:5t+k7ids + 1§VIt+k—id)) Hn,th:| <0
k=1 =1

This is always less than zero, and, therefore, the solved for optimal demand quantity to submit is a maximum of

the continuation utility for trader n when a size-discovery session occurs.
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Appendix B.1 Proof of the Impaired Size-Discovery Demand Quantities Optimality
with Price Chosen by Operator

In this appendix section, I prove that the demand quantity is the optimal demand quantity to submit for
size-discovery sessions in the class of linear, symmetric, and stationary demand quantities for when size-discovery
sessions occur. The proof is unaffected if the demand schedule played in price-discovery sessions accounts for the size-
discovery session as impaired or not (the coefficients used during the price-discovery sessions differ but do not affect
the solution). Define & to be a random variable on the unit interval with CDF F'. & represents the fraction of the
competitive allocation that a trader receives when there is a size-discovery trading session. In the standard discrete-
time setting that is the main focus of this paper, I take & = 1 almost surely. The demand quantity conjectured will

take the following form:

Hn,th = AsSn th — bsp + dszn,th + fsZ. (101)

The exact functional form for the allocation mechanism, Y, (1), as a function of the quantities demanded,
does not play a role in the equilibrium demanded quantity as long as it generates the competitive allocation when
all traders submit . The cash transfer function will be . If & # 1 almost surely, then both Y, ;, the cash
transfer function will be scaled by &;. I will use the one-stage deviation principle to verify the equilibrium strategy.
As a reminder, let 1y, be an indicator function equal to one if a size discovery session occurs in period k and zero

otherwise (a price discovery session occurs in period k). The inventory of a trader evolves according to

Zn, (t41)h = Zn,th + L, &t (assn,th —bsp+dszn th + st) + Lag (asn,th —bpiy, + dzn,n + fZ>~ (102)

Plugging in the equilibrium demand schedule solved for in Appendix A when price-discovery sessions occur gives

the slightly simplified equation

riNa - 1) (Sn,th — Sen) +

Z
W *) + (1 + ﬂlwtgtds + ﬂﬁgtd)zn,th- (103)

Zn,(t+1)h = LM, &t (assn,th —bsp+ st) - Mmd( N

Therefore taking the first order condition of trader n’s continuation utility with respect to trader n’s demand

quantity, the first order condition becomes

Vi, th = (104)
ap’"«th Han, th

e S} Y, e] Y, +z, A Fej Y, +z, 2
55 e (g, (2t e) oy P i) Ay Ao Pnesin on i)

k=0 n,th n,th n,th

0 X, (X, + z, A (X, + z, 2

1, _ O(P(t+k)n ,(t+k)h)+(17€_,ﬂh)vn o (X, (t+k)n ,(t+k)h)77(176_rh) (X, (t+k)h (t4+k)h) 0ol

etk aun,th ’ 8un,th 2r aun,th '

To study the evolution of inventory, iterate equation (104) forward k times. Then the inventory of trader n in
period t 4+ k can be written as

k=1 ,j—1 . . r(Na — 1) - 4
Zn,(t+k)h = Z (1 + ]1Mt+k—i£t+’“—id5 + 1Mt+kﬂ'd) Mitp—j (=d) m(sn’wﬂﬁj)h - 8<t+k7j>h) + N +
j=1 Vi=1
k—1 ,j—1
( (L4 sy e r—ids +1%4t+k_id))ﬂMHk,jft-‘-k—j (assn,(wkﬂ-)h —bsp+st)+ (105)
j=1 “Ni=1

k—1

( H (U4 Laryy g Eern—ids + ]lfv[H_,c_id)) (Zn,th + €Y th)-
i=1

Note that, without loss of generality, we can assume that 17, = 1 (1§, = 0) as otherwise the demand quantity
submitted is irrelevant. Using (101)), , (105) and the residual quantity trader n faces, we can derive the partial
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derivatives in (104). First, by the market-clearing condition, the equilibrium price is only a function of the aggregate
signal and the total amount of inventory. Therefore, a change in quantity demanded in period ¢ has no effect on

prices in equilibrium.

ap?wk)h

=0, for k>0 (106)
8:u“n.,th

Finally, the change in the allocated quantity with respect to the quantity demanded is the subderivative of
Yy, th
Obnm, th
then it is not differentiable at iy, = 0, but the subdifferential is in a bounded range that does not include 0, but it is

=Y, as Yy, ¢, may or may not be differentiable everywhere. If Y, 45 is the proportional rationing mechanism,

differentiable everywhere else. If Y,, +5 is the additive rationing mechanism, then the subderevative is the derivative.
Using the above equations, we can derive the relationship of the change in future inventory as the demanded quantity

in period t as

0, if k=0
o) .
Zg,(t+k)h — v, ifk=1 (107)
Hn,th .
Yﬂft( (1 + ]lMH»k z£t+k 1ds + 1]\/1#+lc d)), if k& Z 2.

With the above partial, (107]), we can see how future demand in price-discovery sessions changes as the demand

in size-discovery sessions in period t changes.
0, ifk=0
X .
o g,(t+k)h _Iv.ead, ifk=1 (108)
Hth
Yuftd(l'[ (1+1]\4t+k St k— zds+]lMt+k Zd)>7 if k> 2.

From (107)) and the residual demand quantity, we know that for & > 1

Yy éeds, ifk=1

OYy (t+k)h
Ottt Yy érds (I_L B (U Taty g Eonmids + 15, 1d)>, if k> 2.

(109)

Finally, from (107)), (108), and (109) it is simple to see how the post-trade inventory for price and size-discovery

sessions change with respect to quantity demanded in period t as

0, ifk=0
B(Z"’(”kgh FXnron) _ Jye,1+ a), ifk=1 (110)
Hn,th .
Yugt(l-i—d)( R G DY R ids + 15, Zd)>7 if k> 2,
Yugta ifk=0
9] Y, .
(Z"’“““)h; Sorr¥ntmn) _ v, 6,01+ dotign), ifk=1 (111)
Hn th _ .
Yuft(l-i-dsﬁt-s-k)(l_[f:l (L4 sy Eevh—ids R YA d)), ifk>2,
Now that the partials have been derived, equations (106 , , , 7 , and (111)) can be plugged

into which when set equal to zero will yield the optlmal demand quantity for trader n to play in period ¢ when

a size—discovery session occurs.

[eS] k—1
E [— &pYy — ds&Yup Y e—fhanMsHk( IT U+ tar g &ernids + ﬂimk_id)) +(1— e ™ n Y
k=1 =1

Yy (1 —e~mh)A Coh g
_w(zn th &Y in)+EYu(1—e ™) > " e ™y, (14dséeyr)vn, (t+k)h( 11 (1+]1Mt+k,i€t+k—ids+1?\4t+k_id))
k=1 i=1
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k—1

1—e ™MAY,E o .
_ (A= eTTAYE: S e g (U + ds€igr) (2n, et mn + §t+kYn,(t+k)h)( TT U+ Tary o Eerr—ids + ]1Mt+k—id))
i=1

r

k=1
k-1
—dYu&Ze ThkﬂMt+kp(t+k>h(H (U4 Tary g Eeph—ids +1Mt+k @d))
k=1 i=1

+(1+ d)Vu&e(1—e ™) Z eirhkﬂfwurkv"!(“rk)h( H (L4 Uy Eern—ids + ]111:\4ﬁ+k277:d))
i=1

k=1
(1= e ™AYabe(1+d) S e g .
- . Z ﬂMerk (Zn,(t+8)h T X, (t4k)R) H 1+ Iy g Stk—ids + ]1Mt+k7id) H, | =0
k=1 i=1

(112)
To start the simplification, factor out the common term Y, which is never zero. Then, plug in the inventory

process to get

¢S] k—1

E [ —&p—ds&ip > e MM ng Gk ( IT O+ 1as o Eeqn—ids + Jlfvft%_id)) + (1 —e ™ME&wnm
k=1 =1

(1—e ™M

o _
" (Zn,th+6t Y tn) +Ec(1—e~ ") kz:l TR (s kv n(t+k)h<lj 1+]1Mt+k.,i§t+k7¢ds+15‘wt+k_id))

k—1

1—e ™M S -
_( . ) S e Ry, (L4 ds§t+k)( IT U+ 2y Eern—ids + Jlﬁv,“rk_id)) [(assm(t%_m —bsp+ fSZ)
k=1 =1

N

k=1 ,j-1

c r(Na—1) B
> ( H (14 Dagyy o Een—ids + 15, , 1d)) JlMkaj(—d)(i)\(N _y (Sn,(t4+k—s)h = B(t+k—j)n) + N)'i‘
j=1 Ni=1

(

7

+(1 + &g rds) (

k

|
-

|
—

(1+ Iy gromiEtth—ids + ﬂi/lt,-f-k—id)) Loty gy €ttb—j (assn,(ukfj)h —bsp + st)"’

<.
Il
Il
—

k—1

( H 1+ Iy g St+k—ids + ﬂfwwkﬂ.d)) (zn,en + gtYn,th)):|

i=1
k—1

oo
—dg Z eirhkl?\/ltwp(wk)h( H (1+ Loty g i€eth—ids + Hh%*id))
k=1 i=1

k—1

+(1+d)&(1—e ™) Z Thk]l(l:VIHk (t+k)h( H (1+ Ingyypei€eth—ids + ]lﬁ/jt+k—id)> (113)
k=1 i=1

k—1
(1 - e*’r‘h)A(l + d)gt —rhkqc c T'(NO[ - 1) = Z
— . Z ]lfVItJrk 2:1_{ (1+]1Mt+k—iEH'k—idS—HlMurk,id) (—d) m(Sn,(tJrk—j)h—S(tJrkfj)h)_N

1+d(

k=1
k=1 ,j—1
r(Na—1) _ Z
Z ( H (L4 sy ern—ids + 1?\4t+k_id)) 15,4y, (=) (m(sn,(t-&-k—j)h — 8(4k—j)n) + N>+

=1 =1

<.

k—1

j—1
( (L4 Tary g Eeth—ids + 1§wt+k,id)) g, g St4k—j <assn,(t+kfj)h —bsp+ st>+
1=1

Jj=1

k—1

( H 1+ Ingyy g Sth—ids + ]1?\/1t+kﬂ.d)) (zn,en + étYn,th)):| ‘Hn,th:| =0
i=1

Now, we're in a form where the expectation can be taken. Note that &4k, 1a,,,, and vy, (¢ 4r)n are independent of
each other, and &1 and 1, are also independent across time (k). Finally, define E(&:4x) = &, and E(& 1) = &
Finally, recall that the total signal process and, therefore, prices are martingales. Also, factor out a &, after taking
the expectations. Using this, can be written as

oo
—p— q€udsp D e (1t g€uds + (1 — )d)* T + (1 — e Efvg o | Hp o]
k=1
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_ ,—rh A - B s B _
—%(zmh + E—Yn,m + a1+ €uds) (1 — e ™M) Efvg en|Hpen] Y €™ (14 gpds + (1 — q)d)*
w k=1
_ o—rh >
—(16% D>oehk [q(l +€uds) (1 + géuds + (1 — )d)* ! (assn,th —bep+ fSZ)
k=1
r(Na —1) z\ i , -
+q(1+2fuds+§adf)<</\(N7(sn th— sth)—i—N) Z(—d)(l—q)(l—i—d)(1+q§uds+(1—q)d)k_]_1(q(1+2§uds+§odf)+(1—q)(1+d)2)]_1+
j=1
k—1 ) )
(assn’th —bsp + st) Z g€ (1+ g—ads)(l + qéuds + (1 — q)d)k—J—l (q(l + 2€,ds —i—fadg) +(1-q)(+ d)2)1—1+
j=1 “

(01 + 260ds + €0d) + (1= )1+ d)2) ™ (50n + g—"yn,m))}
"

—d(1 = Qpu—1yn D e (1+ g€uds + (1 - q)d)* !
k=1

+(1+ d)(1 — @) E[vg,en | Hoen] (1 — €™ > e (1 + g€uds + (1 — q)d)* "

(114)
k=1

1—e ™A1 +d)(1—q)(—=d) [r(Na—1 _ Z\ < _, ,
_( )A( ! )(1 —q)( )(;(N_l))(sn’th_sth)+ﬁ)ze PR (1 4 qéuds + (1 — g)d)" !
k=1
_G—eT™MNa 4+’ -q) &

. ZeiT'hk((l—q)(lﬂ’d)(—d)(M( 'nfh_sfh)-'—i)

= AN - 1)

Z (14 g€pds + (1 — @d)* I 71 (q(1 + 260 ds + £0d2) + (1 — (1 + d)?)T 7

+

qéu(1+E—”ds)(assn,th—bsp+f52)Z 1+ quds + (1= )d)* ™77 (q(1 + 26pds + €0d2) + (1 — g) (1 + d)?)’ '+
K j=1

k— Eo’
(000 + 260 + €0 ) + (1= )1+ @) (onan + o) ) =0
n
In the next step, I will evaluate the partial sums and then the infinite sums. Assume, which can be verified after

solving the equilibrium, that |e™""(q(14&,ds)+(1—¢)(14+d))| < 1 and |e™""(q(142€,ds+E-d%) +(

s Htr(1—q)(1+d)?)| < 1.
Then (114) can be simplified and written as
qgueirhds _rh
-p— +(1- E[vn, tn|Hn
P 1— e*""h(l T q€pds + (1 — q)d)p ( € )E[vn,th|Hn,th)
(e

§o q(1 + &uds)e™ ™ (1 —e™"h)
" (Zn,th + . Jth) T 1—e—h (1 + gépds + (1 — q)d) [Vn,th|Hn th]

(L—e"™)A q(1 +€uds)e” "
- ” [1—6 Th(l-‘rqfuds-i-(l—q)d) (assn,th_bsp+fsz)
(1 - q)(l + d)672rh( d)( Na71 (Sn th — gth) + £)
2 ) ) N
9€u(1+ §2ds)e™ 2™ (assn on — bsp + fs2)
(1—e (14 géuds + (1 — g)d)) (1 — e (q(1 + 26,ds + £5d2) + (1 — ¢)(1 + d)?)) *

+

e—Th 67(7
1— e "h(q(1 + 26uds + €-d2) + (1 — ¢)(1 + d)?) (on e+ &u Yn’th))}
_ d(1 —q)e~"h
1—e (14 g€uds + (1 — q)d) P(t—1)h
(1+d)(1 = g)e (1= ™)
T—e (1 + g€uds + (1 — g)d) E[vn, th| Hp,th] (115)

(I—e ™A1 +d)(1 —q)e ™ r(Na —1) ~ z
T e (L gguds + (L)) ( AN 1) (e =) N)

(L= e MM+ d)2(1 - g) (1= @)1 +d)e 2" (=d)( A(f\jva 11> (Sn,th — Stn) + £)
r (1—e"h (14 q€uds + (1 — q)d)) (1 — e (q(1 + 2&uds + £5d2) + (1 — q)(1 + d) 2))

63



g€ (1 + g—zds)e—m (a.ssn,th —bsp+ st)

(T—e (1 +qéuds + (1 = @)d)) (1 — e (q(1 + 26uds + E0d2) + (1 — q)(1 + d)?))
e (Z th + gly th):| =0
1—e (gl +28uds + &od2) + (1 —q)(1+d)2) "™ g, ™

From here, it is all algebra to show that the Y}, ; is linear in s, 4 and 2y, in equilibrium. Then we will match

+

the coefficients from the conjectured linear form to pin down the coefficients in equilibrium. Start by combining the
like terms and simplify out a 1 — e~ ™" of (115)) to get

(, L= e (14 (1= q)d) N Ae”b(1+ E=da)aS )

(1—e ™)1 —e (1 +qpds + (1 —q)d)) | 7(1— e (1 + gépds + (1 — q)d)) (1 — e—"" (q(1 + 26pds + £,d2) + (1 — q)(1 + d)2)) ¥

d(1 —q)e~"h 1
T e e (1t atpds (1= @)d) I T e (1 g gt + (1)) 1t Hend

_ Ae~mh & _ r(Na—1) B .

F e (1t ands T (L0 (1 e 7 (a1 26y 1 &od®) 7 (1 (1 1 2)) (oot F g d)ath = Spynd o )1 =) (snan = 5un))

+ Ae 1 (£ 204 57 d) gt d(1+d) (1—q) 2 )+
r(1—e (14 quds + (1 — q)d)) (1 — e~ (q(1 + 26uds + €0d2) + (1 — q)(1 +d)?)) ° g, o N

- A I
= T(l —e—Th (q(l + 2€,ds + Eed2)+ (1 —q)(1 + d)2)) (Zn,th + € Yn,th)

Without loss of generality, we can assume there was no shock since the last trading period, as in reality a session

wouldn’t be offered. Multiply through by 1 Plug in the equilibrium price and expected value and combine to get:

(o tiaan 1+ St )
XA —e ) (T —e (1 + g€uda + (1 —)d)  (1—e " (1+ géuds + (1 —q)d)) (1 — e (a1 + 2puds + Eod2) + (1 —q) (1 + D)) )©
B d(1 — q)e~"h (17 _7Z>+ 1 I(Na—l +N(1—o¢)7 )
A—e ) (1 —e (1 +g€uds + (1 —q)d)) \N " N7 ) T 1—e=h (1 + qpds + A —q)d) A\ N—1 T N1 °th
e~ Th = r(Na—1) B
(1 —e (14 quds + (1 — g)d)) (1 — e="h (q(1 + 26uds + E5d2) + (1 — ) (1 + d)2)) (@s5n,en (1 + ads)qg“ B md(l + )1 =) (sn,en = Sen)) +
+ e (£ 20+ S do)gen+d(1+d)(1—q) 2 )+
(1 — e~ (1+ qéuds + (1 — q)d)) (1 — e~ (g1 + 26uds + & d2) + (1 — @) (1 +d)?)) " g, N
] 1 &
= (1 Jp— (q(l n quds T fgdg) T (1 — q)(l + d)2)) (Zn,th + gu Yn,th)
It is clear that ds = —2—‘;7 and take the strategy of platform operator as given as p = ap5tn + fpZ. Therefore,

Yo, th = @sSn,th — bsapSin + dszn,eh + (fs — bsfp)Z. The above then simplifies to

r 1—e (14 (1—-¢q)d ~
-z (1+( 52) ) (apSth+pr)
(I—e )1 —e (1 -qg" +(1-q)d))
d(1—q)e~"h (7”7 1 ) 1 T’(Na—l N(l—a)_ )
_ —Sip— —2 — , R S7A
(1 — (1 — o5 NN ) T e AN T G
(1—e"r)(1-e (l—qéﬂ—&—(l—q)d)) 1—e¢ (1—q€6+(1—q)d)
e "™hd(1+d)(1 - q) r(Na —1)

+

(1= e (=g + (1= @) (1= e (a1 = ) + (1= g1+ )2)) XN
e "™hd(1+d)(1—q) Z
(1= (1— g2 + (1 —q)d) (1 — e (q(1 — &)+ (1—q)(1 +ad)?)) N
1 &o _
= 5 — | assn,th — bsapsip + (fs — bsfp)Z
L= eh(g(l— &)+ (- )1+ )?) i (s = 7)

+
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Combine like terms again and simplify some

( 1—6*Th(1—q§—‘j‘ + (1 -q)d) )T(Nafl)

3 Sn,
1 e h(g(l— &)+ (1 —g)(1+d)2)/ MV =D "
r/(1- eiTh(l + (1 - q)d))ap d(1 —q)e~"h N1-aw) (Na — e~ "hd(1 + d)(1—gq) _
_X ( 1 —e-Th + 1—e-Th - N—1 + €2 )Sn,th
(N=1)(1—e (g1 = &) + (1 — q)(1+d)?))
rN(1—e ™1+ (1 —-¢q)d)fp d(1—gq)e " e~ "hd(1 4+ d)(1 — q) Z
(_ M1 —eTh e €2 )N
(1=e™™) ¢ 1= e (q(1— £2) + (1 - q)(1 + d)2)
1—eh(1- i+ 1—q)d
_ e ( 52‘150 ( q) ) gj (assn,th — bsapden + (fs — bsfp)Z)
1—emrh(g(l— &) + (1 - q)(1 +d)?) o
First, match coefficients on s, +n, which is simply
& r(Na—1)
TG AN
This leaves
r((l—e 1+ 1—-q)d))ap d(1—gqg)e ™" N(1-a) (Na— 1)e~rd(1 + d)(1 — q) _
_X( T—e-h T ek T TN-1 2 )S"‘””
(N=1)(1—e (g1 = &)+ (1 - q)(1 +d)?))
rN(1—e ™1+ (1—gq)d)fp d(1—gq)e " e "hd(1+d)(1 - q) zZ
(7 A1 —e-h e 5 )N
(1=em™) ¢ L= erh(q(l = &) + (1 - )1+ d)?)
1—e"h(1-— i+ 1—¢q)d
= ‘ ( Ezq% ( Y ) 5*U(_bsapgth'i‘(fs _bep)Z)
1— e~ (g(1— ) + (1 — g)(1 + d)2) &
Now match coefficients on §;, and %
rf(l—eP1+1-q)d))ap d(1—qle ™ N(1-a) (Nao— 1)e "Pd(1+d)(1 — q)
X( 1—erh e TN T 3 )
N N (N=1)(1—e (g1 = ) + (1 - q)(1 +d)?))
1—e—rh(1—q§—§+(1—q)d) gdb
= 53 —bsa
e (- )+ (- d?)
rN(1— e_""h(l + (1 —q)d))fp d(1—q)e " e~ "hd(14d)(1 - q)
(_ A1 —eTh e €2 )
(L—e™) ¢ L— e (g1 — &)+ (1 g)(1+d)2)
1—e’rh(1—q§—“+(1—q)d) gi

- — o z N (fs —bsfp)N
1—e ™ (q(1 = &) + (1 - q)(1 +d)?) >+

Add a funny form of 0 to a, and f, to get

- €
r((1—e”‘h(1+(1—q)d))(ap—1)+Na—1 1-e (1 -qgs + (1 - a)d) ) (116)

\ _ e—Th _ 2
A L—e N=1g o er(qi— &)+ (1 g)(1+d)2)

1—e*Th(1—q§—§+(1—q)d) &,
= 5 >—bsa
I—eh(g— Sy (1 —ga+ap) &
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(7(1—efrh(1+<1—q)d))(%+1)+ e (1 g+ (1 qd) )

1—eTh l—efrh(q(l—%)4‘(1_‘1)(1""@2)

2

- (1—q +(1—q)d) ¢,

el - B+ (1 - )1+ )?) S

(117)

(fs - bsfP)N

Finally, see Appendix |§| to see that the platform operator offers the correct price. Therefore, ap, = 1 and

fr= —ﬁ. Therefore, the unique linear equilibrium is
_&u(r(Na—1) oy A
Kn,th = € 7/\(1\[ ) (Sn,th Sth) Zn,th + A
which allocates : v 0 5
Y, _Sp(rNa— 1) nth — 5th) — Zn 2.
Lh (1) € ( AN —1) (5 Jth Sth) Zn,th + N

To check the second-order condition, differentiate the FOC again. As every term has a Y, in it, the second-order

condition can be written as Y}, times the FOC, which is zero in equilibrium, plus

(1 _ e—rh))\g?yQ (1 _ e—rh))\y2€t2 oo 3 k—1 2
E [7 r £ - r £ kzle Thk]lMH—k (1+dsft+k)2( 1_[1 (1+]11Mt+k—i§t+k*id5+1?\4t+k7id)) (118)
= i=
(1 _ efrh))\y2€t2(1 + d)Q [e’e} B k—1 2
_ TM Z e Thk]l?wHk ( H (1+ Unty g Eerh—ids + MMHHd)) Hnyth] <0

k=1 =1
This is always less than zero, and, therefore, the solved for optimal demand quantity to submit is a maximum of

the continuation utility for trader n when a size-discovery session occurs.

Appendiz C Proving the Platform Operator Offers the Correct Price

In this section, I will prove that the platform operator will set the correct price in equilibrium when a matching
session occurs when the equilibrium is restricted to be an affine and stationary function of the total signal. First,
conjecture that the platform operator will choose a price that is a stationary and affine function of the average total

signal

P = apSin + fr2- (119)

The platform operator chooses the price to maximize the expected total trading volume over the expected length

of time before liquidation. Therefore, they solve

9 N [e%S)
B E {Z e Thk <1Mk Yo kn | + 151, |Xnkh|)} =0. (120)
Po=1 Li=o

Without loss of generality that the first trading session is a size-discovery trading session, the first-order condition

is

Y 1(Yy,0<0) Opn,0 > —rhk 1(Yy . kh <0) Oin, kh c 1(X <0) X kh
D E|(=1tmo Yqu +Y e Lag, (=1) 7 F i kh YHTP + Loy, (1) mk o )|~ 0. (121)
n=1 k=1

From Appendix @ and Appendix [B] we know that the necessary derivatives are

—bs, if k=0
aﬂg,kh _ ) —beds, ifk=1 (122)
i
—bsds (Hf;f (1+1ar,,,_,ds + Mvmmd))? if k> 2.
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N-1 : _
8Xn,k:h _bsdT> if k‘ =1 (123)

ap —bed Nt (Hf;f (14 1ag,,ds + ]1?Wt+kiid)), if k> 2.

Plugging in the above derivatives, the first-order condition becomes, after factoring out a —bs from every term

and plugging in that d; = —1

N oo k—1
Z E {(71)1(Yn,0<0)yu — e My, (1)1 Ynn <y, Z o—rhik <1Mk(71)11<yn,m<o>yu( H 1+ d)]l?\/lwkﬂ_)) (124)
n=1 k=2 i=1
N-1 N-1& kol
+eThyg ~ ]1%/11 (,1)1(Xn,h<0) +d ~ Z e~ Thk (]l?wk (,I)I(Xn,kh<0) ( H 1+ d)lﬁwt+k7i)):| =0.
k=2 i=1

I will use the independence of the processes and that the expectation is unconditional from the platform operator’s
perspective. Define E [(—1)1<Y"~’“’1<0>Y“] =c¢y and E [(—l)l(xnv"'h«))} = ¢z. Therefore, the first-order condition can

be rewritten as

N

> [cy + (d(l —q)ce — qcy> dleTMa— gkt a) T =0 (125)
k=1

n=1

Therefore, the platform operator needs to choose the price such that ¢, = ¢, = 0. Intuitively, this means
the unconditional probability that there are buyers and sellers is the same, which helps maximize volume due to
the execution uncertainty in this trading protocol. Therefore, they choose the price such that there is no bias
unconditionally toward buyers or sellers. Note that the absolute value function is even for proportional rationing.
Therefore, the conditional expectation of Y,, when you are on the heavy side of the market and having your order
rationed is equal for both net buying or selling. Therefore, Y, does not affect the price offered by the law of iterated

expectations. For additive rationing, Y), is constant. To not introduce bias, the platform operator sets p such that

r(Na—1
P(ﬁsn,kh —bsp — zp kn + fsZ < 0) =.5, (126)
B Z
P a(snykh — skh) + d(znykh — N) <0 =.5 (127)

The key is given everything is normally distributed, as long as the term inside the probability has mean zero,
then the probability that demand is less than zero will be 50%. Therefore, it is sufficient to solve for the price to
charge such that

|:r(N a—1)
AN —1)

First, plug in the conjectured affine form of p and combine like terms to get

Sn,kh — bsp — Zn,kh T stj| =0. (128)

r(Na—1
{ﬁsn,kh — bsapSpn — zn,kh + (fs — bep)Z] =0. (129)
Unconditionally, the expected total signal is equal to v. Therefore, it must be the case that % = bsap.

Recall (116)), bs is defined by

rf((1—e"(14+(1-q)d))(ap—1) Na-1 1_57Th(1—Q%+(1—Q)d)
X( 1—erh TN 3 )
1—e (g1 = &) + (1 - q)(1 +d)?)

1—e‘rh(1—q§—§+(1—q)d) £s

= 3 —bsap.
1— e~ (g(1— &) + (1 — g)(1 + d)2) &

r(Na—1)

Therefore, subbing in for bsa, and solving for a, implies that a, = 1, and then bs = V=T -

Finally, we need

to show
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r(Na—1)

E [Zn,kh] = (.fs - m

fo)Z. (130)
Using the fact that, unconditionally, as the asset is held in aggregate, each trader will have % Therefore,

r(Na—1)

= (- S

fr)- (131)
Recall , fs is defined by

52
9e,

(1—e (14 (1 - q)d))(22 4 1) 1—e (1
(_ 1—eTh *

L+ (1-q)d) )

L= eh(g(1 = ) + (1 - )(1 + d)2)

emrh(] — gbi _

_ 1 (1 Q§ + (1 Q)d) i(fs _ bsfp)N
L= eh (gl = ) + (1 - )1+ d)2) &

Therefore, subbing in for (fs — bsfp) and solving for f, implies that f, = —=-. Therefore, fs = +—=. Putting it
all together, the price offered, the quantity demanded as a function of the price offered, and the equlhbrlum quantity

demanded is

A
=Sgp — — 2 132
P=5kn = o2, (132)
r(Na—1) r(Na—1) l-«a
=27 ) S —%z 133
Motk AN = 1) Sn,kh AN = 1) P — Zn,kh T N_1 (133)
. r(Na—1 _ Z
( ) (Sn,kh — Skh) — Zn,kh + —- (134)

Ptk = 3N ) N

Appendiz D Proof of Proposition 2 with Impairment

An important lemma needed for the welfare results is the rate at which a trader’s inventory converges to the
desired (competitive) inventory level given no new shocks (innovations) to the fundamental or private value of the
asset. Given that total signals is a martingale, in expectation, the price a size-discovery session occurs at will be the
same as the expected price that would occur in a price-discovery session. Taking the equilibrium demand schedules,
, and quantities, , played when price and size-discovery sessions occur, respectively, and no new shocks to the
fundamental or private values of the asset, one can write the inventory next period as

1 Z
Zi (t+1)h = Zith + Lar, &t ?L ( )E(N — 1)) ( Z Sn th) — Zith + N) + 15y, (asi,th — bpyy, +dzien + fZ)~ (135)

Plugging in the equilibrium price, (18)), for p;;, and some simple rearranging of the terms by combing all z; ¢n

terms, yields

N
(fia- ! d £
B lMtétﬁ m Sisth an th +1§Wt b(sivthfﬁnz::lsnyth)*ﬁz +(1+]1?\/1,,d*g]1Mt5t)z¢,th. (136)
Noting that ,id = %, you can factor out a —d from the second term’s parentheses and combine like terms
to get
r(Na —

= (g—“ﬂMﬁt - ﬁ\/ltd)( (( 1) Si,th — an th ) + (1+15,d— ?L 11, &t) Zi th- (137)

7 o

Define z{ ;1 1y, = % (Sipn— = anl Sn,th) + %. This term is the desired (competitive) level of inventory a
trader wishes to have given their information at time th. If the market was competitive, this is the inventory a trader

would have at (t 4+ 1)h after trading at time th. Subbing in this newly defined variable reduces the equation to
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§ C c c E
Zi (t41)h = (?HﬂMtﬁt = 15,d) 25 g1y + (14 154,d — Ei]le,'Et)Zi,th’ (138)

From (|138]), simple algebra yields a formula that tells the difference from the equilibrium inventory amount for
trader ¢ and the desired (competitive) amount as a function of the difference prior to trading times the fraction that

the trader will have left after the trading session.
¢ —(415,d- ; ¢ 139
Zi (4 )k — 25 (pp1yn = (1+ LGg,d — . M €e) (Zien = 25 (141)n) (139)
Iterating (139)) forward gives the lemma.

Appendiz E Proof of Proposition 3 with Impairment

Define W* as the total welfare of traders when there are price and size-discovery sessions, ¢ # 0. W? is defined to
be the sum of all traders’ ex-ante expected utilities over all traders (the sum of over all traders). Note the first
term of each type of trading session sums to zero by the market-clearing conditions, as it is just a wealth transfer.
Therefore, the economic channel that drives the welfare results is simply how allocatively efficient the different market

designs are. Setting ¢ = 0 gives you the welfare of an economy with only price-discovery sessions. W* is therefore

N 0o

. . A

We=(1-e")> E [Z e ThE (ﬂMk ('Un,kh(zn,kh +&Ynkn) = 5 (2nkn + EkYn,kh)2)+ (140)
n=1 k=0

A
1, (Un,kh(xn,kh + Zn,kh) — ;(Xn kh + Zn,kh) )) ’Hn kh:|

Recalling , which defines the next period’s starting inventory, some simple algebra can be applied to get (140)

to a form such that I can apply Lemma 2 from [Du and Zhu| (2017)) to simplify the welfare expression.

N
—r _ A
Ws :(1—6 h)z |:Ze T‘hk(vn khzn (k+1)h——z ,(k+1)h):| (141)
n=1 Lk=o
Recall the defined desired (competitive) inventory level 2, 1y, = %(sn,th - = Z;V:l sjn) + Z. Note

that ds is not the same ds as in Appendix B, but the d from appendix A, where there are both size-discovery trading
sessions. This ds is a function of ¢ and reduces to the d in [Du and Zhu| (2017) when ¢ = 0. Using lemma 2 of [Du

(2017), (141) can be written as

N =)
r . A
=(1-e E :E [ E :e e (vn,khzz,(kﬂ)h - ;((zfx,(kﬂ)h)Q + (Zn, (k4 1)n — ZZ,(kﬂ)h)Q))]' (142)
n=1

k=0
Note that from the lemma proved in appendix C, one can write the expected squared difference between the
desired and actual inventory at clock time (k4 1)h as a function of expected initial excess inventory and the changes

in the desired inventory positions as

3

E [( n,(kt1)h ™ Zr, (k- 1)h )2] = ((1—g)(1+ds)* +q(1 - .

) E [(zn,kh - th(kﬂ)h)Q]‘ (143)

2 2
= (@D +d? + ot = Z)E [ (anen = si)?] + (= D+ 42+ a0 = ENE[ i — =5 )] (140

2 2
= (@04 +a= ) E [ o025 }+Z (=P +a1= ) B [(65 a0 (149
o kl 1 o

A key part of (144]) is that the competitive inventory process is a martingale and measurable with respect to

prior information and therefore E {(zn,kh = 2y kn) (Zn,(k+1)n — Zn,kn)| = 0 by the law of iterated expectations. The

rest of the formula follows by induction. This is also shown in the proof of Lemma 3 in [Du and Zhy| (2017). It is
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important to note that z; ,,, the desired (competitive) inventory position is not a function of ¢ and therefore can
be “ignored” when studying the effect of ¢. Most of the following work will focus only on the terms that involve g,

“welfare” (up to some additive constant that is not a function of ¢). Therefore welfare can be written as

N e} A
Wi=(1-e"")> E {Z e Thk (Un khZe (kt1)h — 7((?,;,(“1),1)2)] (146)
n=1 k=0
_ _—rhy N o 2
_*(127;3) oD ek (((1 —)(14ds)? +q(1 - gi))’“+1 E [(znp - thh)2]+
n=1k=0 g

k 52 ,
> (=00 a4 o= EN ]G ey - #en?] )

k=1
Evaluating the infinite sums in (146]), W*° can be written as

(1— —rh o = —rhk c _i c 2 14
ws e Z Ze Un,khZn, (k+1)h QT((Zn,(k+l)h) (147)
n=1 k=0
AL —e-rh (-4 d)?4q(1— By
-6 2r )|: —rh 2 - &2 ZE[(znvO_szyh)Q]'i_
(1= e (L - q)(1+d)? + (1 — b)) At
Q-q+d)?+q1—2) N

> Z El(zn, (k' +1)n n,kfh)ﬂeirhkl}

2
l—e*m((l—q)(1+ds)2+q(1—5—”) n=1k/=1

The terms inside the brackets in second line of (147)) are positive as are A, r and (1 — ef’”h). Therefore W* can

be written as

N oo
S o -7 c >\ c
w :(l—e h)ZE[Ze hk ('Un,khzn,(k+l)h_ ;(zn,(k+l)h)2>:| (148)
n=1 =
ey Uodurarid-g [i o — 262+ 30 3 B o)
— g E[(zn.o — 2 + E[(2¢ ,,, —2¢ ., e "
2 m, n,h n,(k’+1)h n,k’h
2 emrh((1— q)(1 +ds)? +q(1 — 5“)) oy

Appendix E.1 Quantifying Welfare for Scheduled Arrivals of New Information

To quantify the strategic costs induced by the market design, it is useful to benchmark the allocative efficiency
of the different marker designs to that of a competitive market. Therefore, the ex-ante welfare of traders under this

efficient benchmark design is

(1—e—rh)ZE[Ze—*h’“(vnkhz (kt1)h — i(zg,(kﬂ)h)l’)] (149)

n=1 k=0
In this section, we assume that information arrival is scheduled and known in advance. For simplicity, it is
assumed that Ty = kv. Following [Du and Zhu| (2017)), I will focus on the natural case where z,,0 = Z/N, which is
a way to look at a “steady state” version of the model. It is also shown that the optimal trading frequency for this

steady state is h = . Finally, define

N c . r(Na —1 (N —1)(x?(o2 +0'2)+0w)
03 = Z E[(Zsz - Zi,Tk,l)Q] = ( )E(N — 1))) X Og (150)

Therefore, we combine ((149) and (148]) to get

N1y (-l da)? q(l - ) o /
weaws = 3 (A ! ! o | Blleno—20,00"H 3 BIGE =25l )
= L= e (L= )1 +da)2 +q(1 — b)) o

(151)
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Applying (150)), propositions 5 and 6 from |[Du and Zhu| (2017)), we get that

A? (-4 d)? +(l— )
=20z R (152)
L= e (1 - q)(1+do)? +q(1 - )

Appendix E.2 Quantifying Welfare for Stochastic Arrivals of New Information

In this section, we assume that information arrival is stochastic. For analytical tractability, the information
arrival process will follow a Poisson process. Specifically, the shocks will arrive at times {7} }r>1 where this process
is a homogeneous Poisson process with arrival intensity of p > 0. Therefore, the expected time between shocks will
be 1/u, and the expected number of shocks per interval h is hu. Given this process, the expected squared difference

in desired inventory positions are

M=

El(z{ (14 1)n — #5.en)°] = huo?, (153)

n=1

M=

El(2f , — 2 ,)°] = (7 — th)uo?, (154)
n=1

where o2 is defined according to (150). Taking equation (151) and applying Lemma 2 from |Du and Zhu! (2017)),
the difference from the perfectly efficient welfare and that due to trading frequency and strategic actions by the

traders can be written as

A1 —e="h) (1—q)(1+ds)? +q(1 — gi)
2 e (L g1+ d)? g1 — )

We—_Ws =

N
c 21, —rhk’
DIECTEERETS SEEMESINE R

k=1
(155)
Substituting in the defined total expected squared deviations and focusing on the steady-state case, (155]) sim-

plifies down to

(L= e™) (1= )1 +da)? + g1 — 2—2))

1—e ™ ((1-¢q)(1+ds)? +q(1 — g))

R e "y
We—we =2 ( {1+17e—rh]) (156)
Appendix E.3 Comparative Static

In this subsection, I will prove that % < 0, when the equilibrium of interest exists. Using implicit differentiation

of (67), the partial of d with respect to h can be expressed as

2
d(Na—1) (1-((1-q) (1+d)*+q(1—££)))  qe2
(1+d) RTINS
ad (1—e~mh((1-q)(1+d)2+9(1-¢2))) “o 157)
dh  2d(14d)2(1—g)e~rh(1—e=Th)(Na—1) | 4 _ 962e " 144
2
(1—e=7h (-1t +a(1— 2 ))* Y S
d 2 e*'r‘hq£2 7rh 52
if (%) <T It is simple to see that = ——t <l,as0<¢q<1,r,h>0, and0<§u<§a<1 Finally,
factor the right-hand side of the equation that defines d to get
_ _ ,—rh —rhge2 —rhge2
d(Na = 1)(1 = e=h) \/1d|d \/ 0 (\/ Idld+\/€ ) <o (158)
1—emh((1—q)(1+d)2+q(l— 2 + 1+ Lo
|d| e~ Thqe? . e*”‘qﬁi
Therefore, /175 —\/ —%—* <0, and since ——* <1, we have that
d d e—T‘h 2 e—Thge2
< 4 %u < qg”. (159)
1+d 1+d & o
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od

s 37 < 0, when the equilibrium of interest exists.

Therefore

Appendix E.4 Welfare Loss as Trading Frequency Changes

We know that %d,f < 0 and assume for simplicity zn,0 = %, and ZnNzl El(zn, (o410 — 2% wn)?] = oZph, for all

k' € {0,1,...}. Then

2
2 (1= e ™M)((1—q)(1+ds)? +q(1 — 2= —rh
e _ws _ 202 ( (1~ )(1 +da)? + g ;"))} {1 L= Jﬂ 00)
"Ll emh((1-q)(1+ds)? +q(l - ) -
Using the equation that defines ds, , the first term in brackets can be written as
—e (1 - 2 1+ds)((14ds)(1 —ge ") —1
(L= e = (1 +d)? _ (1+d)((1+d)(1—ge™) — 1) (61

1—eh(1—q)(1+ds)? ds(Noe — 1)
Differentiating with respect to h directly is unwieldy. Instead, to assign the sign of the comparative static,
notice that all terms inside of a bracket are always positive. Therefore, showing each term decreases in h, which then
implies that the overall derivative would also decrease in h from the product rule. Differentiate the first bracketed

term with respect to h to get

i((l—&-ds)((l—f—ds)(l—qe*m)—1)) _1-gq <8d5 qe—rh(1+ds)(rd(1+ds)+(1—ds)%i‘*‘)) <0 (162)
dh ds(Na—1) " Na—1\ 0h d2 '
Now, differentiate the second bracketed term

o he~"hy e~ "hu(rh+ e h — 1)

1 = — 0. 163

oh T1_eh Q_emz  ° (163)
when h >0and 0 < h < %, which is always true. Therefore, we know that

M <0 (164)
oh '

Therefore, the welfare loss due to strategic trading, relative to a competitive benchmark, is strictly monotonically
increasing in h. This implies that the welfare loss due to the strategic actions of traders is maximized when trading

is continuous.

Appendix E.5 Existence of a Welfare-Improving Trading Frequency

Work-Up Sessions
The goal of this subsection is to show that there exists a h € (0,00) such that

We — WP > 0. (165)

First, plug in the definitions of W — WP and W*° — W* to get

) (1 + dp)? (1—q)(1 +ds)? ; N e . —rhi!
2 ( 2 (1 e T Ak g g T ds)Q) [E[(z"’ofz”’h)zH 2 Bl oo ==hen) I D
n=1 k/'=1

(166)
Given the goal is to prove there exists a trading frequency such that (166|) is positive, it is equivalent to show
that
(1+d,)? (1— g)(1 + dy)?

- > 0, 167
1—e"™h(1+dp)2 1—e"h(1-q)(1+ds)2 (167)

for some h. Given the denominators are positive and combining the fractions simplifies the problem to

(1+dp)? = (1 —q)(1+ds)* > 0. (168)
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The goal is to apply the Intermediate Value Theorem. Given the equilibrium exists, the solution to @ is
continuous. The first case is an arbitrarily large h. Letting h — oo, the solutions for d, in a market with and without

a size-discovery mechanism, are

Na —2
dp=ds = — 1
P Na—-1 (169)
Plugging (169)) into (168)), it simplifies to
q
Na—12 " (170)

For the second part, following |Antill and Duflie| (2020), when h is arbitrarily close to zero, and let ¢ = ~h for
v > 0, and v < 7, where 7 is the unique positive solution of 1/8¥(y + r) + 35 = r(Na — 2) so that the equilibrium
exists. Note from (166 that the difference in welfare is equal to

(1—e ™A +dp)?  (1—e ™)1 - q)(1+ds)?

. 171
1—e "h(14dp)? 1L—emh(1—q)(1+ds)? (171)
Using the equations that define d, (171)) can be rewritten as
L4+ds)(1—q)(ds — e "hg(1 + ds
l+dp,  (1+ds)(1-g)(ds —e ™q(1 +ds)) (172)

Na-—-1 ds(Na—1)
Note that as h — 0 both solutions for d equal 0. Therefore, the second term needs L’Hospital’s rule. After
taking the limits, (172) simplifies to

1 2

Na—1 [lim 94
h—ot 9P

<0. (173)

9ds
oh

The inequality is true as lim+ < 0. Therefore, by the Intermediate Value Theorem, there exists h* € (0, 00)
h—0

such that W* — WP > 0.
Matching Sessions

The goal of this subsection is to show that

W —WP >0 (174)

is always true, and only equal to zero in the limit as h — 0". (174)) is equivalent to showing that (168). Recall

the solutions for d, in a market with and without a matching session, are

CWa-1(1—e™)+2e (1 —q) = /Na= DI —e P +de "(1—q)

ds =
2e="h (1~ q)

(175)

(Na—1)(1—e ") +2e ™ — \/(Na—1)2(1 — e="h)2 { 4e=Th
- 2¢—rh :
Plugging in (175 and ((176] into (168)), which we want to show is greater than 0, yields

dy = (176)

((Na —D(1—eTh)—/(Na— 121 —e "M)2 + 4efrh>2_(1_q)((Na —Dl-—e™) - V(Na—1)2(1—e )2 $4e~"h(1—q)\* > 0.

2e~Th 2e~Th(1 —q)
177)

Multiply by (1 — ¢q) to both sides and this simplifies to

(1-q) ((Na_1)(1_e—*h)_\/(1va —1)2(1—e—Th)2 4 46*”1)2— ((Na—l)(l—e_rh)—\/(Noz —1)2(1 — e=rh)2 4 de—Th(1 — q)) o

(178)

Expand the equation, combine like terms and simplify to get

—q(Na—1)(1—e ") — ((1 — g/ (Na = 1)2(1 — =2 4 de=rh — \/(Na = 1)2(1 — e=7h)2 4 de7h(1 - q)) >0. (179)
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The, divide both sides by the term m and move the 1 — ¢q inside the square root to get the equation

d4e—Th(1 — 4e—Th(] —
o %1 =0 =o 1+ g ) * W * o (s

—rhq_
Define the variable x = 1 + ma

to show that for = > 1 that the below equation is true

Vz—qg—1/(1—q)(z—q) >0. (181)

Note, there is equality when z = 1. Therefore, if we can show that the left hand side increases in x for z > 1,
then the inequality must be true. The derivative of the left hand side of (181 with respect to x is

which by inspection is always greater than 1. Therefore, it is left

1 1—gq
N e e R
To show is greater than 0 for z > 1, add the negative term to the other side, cross multiply, square both
sides, and simplify out a 1 — ¢ which yields the inequality

(182)

r—qg>1—gq. (183)

(183) is always true for > 1. Therefore, W* — WP > 0 is always true when the size-discovery session is modeled
as a matching session.

In the second part of this subsection, I will show that in the limit (h — 0"), as trading becomes continuous as
in |Antill and Duffie| (2020), that W* — W? = 0. Let ¢ = vh. Note that the solutions for d limit to zero as h — 0.
Note from that the difference in welfare is equal to

(1—e ™1 +dp)? (1—e ™)1 —q)(1+ds)?

— . 184
1—e "h(1+4dp)? 1—e (1 —q)(1+ds)2 (184)
Using the equations that define d, (184) can be rewritten as
1+d, 1+ds
—(1l—~h ) 185
Na—1 ( v )Na -1 (185)

Taking the limit as h — 07, (I85)) equals 0. Therefore, as trading becomes continuous, size-discovery sessions
occur at a rate, and size-discovery sessions are modeled as matching sessions, the welfare of the two market designs

is always equal.

Appendiz F' Quantifying Volume

The platform operator makes the decision to offer a size-discovery trading protocol by maximizing the time-

discounted expected future volume traded. This is written as

oo
[Zeﬁhk (an|yn,kh| +]1?\/[,C|Xn,kh|)}- (186)

k=0

N
> E
n=1

In equilibrium, this can be rewritten as

')

[Zeirhk(ﬂkjk 7d1(]:\4k)|yn,kh|:|~ (187)
k=0

N
> E
n=1

Note that Y xn = 25, g5 — Zn,kn, the desired inventory position minus the current inventory position. Finally, the

current inventory position is a function of what happened in the past and evolves in equilibrium according to

2 (et 1yn = 2k + Lot (26 4 — Znkn) — AL, (26 4 — Znokn) (188)
=1+ )15, znpn + (1= L+ d)15s,) 250 -

Putting this all together, let us first focus on a single trader and the k*" trading period. By the law of iterated

expectations, we can iterate to
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E {(le - dﬂ?wk)IZZ,kh - Zn,kh}] (189)
=(¢—d(1-q)E |:|Zz,kh - Zn,khq
=(¢-d1-q)E |:|Z$L,kh — (1 +d)15, Zn,k—1yn — (1= (1 + d)]l?\/[kil)szkil)hq

= (¢—d(1-q)) (‘IE |:|Z$Lkh - ZZ,(kfnhq +(1-9qE |:|th,kh =2 (heyn + A+ A2 - 1)n — Zn,(k—1)n) |] )

This process can be iterated until the initial inventory position is reached. For simplicity, we will assume a

“steady state”, z;, o = zn,0. Therefore, you get

E |:(1Mk - d]lfuk”zi,kh - anh}] (190)
k—1 _ j
- (q—d(l—q))(z 9(1-q)’E [| Z(1+d)l(zi7(k—l)h_zrez,(k—l—l)h)@ +(1-9"E D Z (L+d)' (=5, oyn _Zﬁ,(k—l—l)h)|]>‘
Jj=0 =0

The platform operator does not have any specific information about the desired inventory positions other than
knowing which distribution they are drawn from. All shocks are normally distributed and linear. Therefore, 2y, \,
will be normally distributed and the absolute value will then be a folded normal. The expectation of a folded
normal, given the underlying random variable, is normally distributed with mean p and standard deviation o, is
U\/ge_’ﬂ/ 207 4 (1 —2®(—pu/co)). To write out volume explicitly, the mean and variance of the change in shocks are
needed. Assume for tractability a time-homogeneous Poisson process of arrival of shocks with intensity u > 0. The

expected value and variance are

J
E {Z(l + d)l(zri,(kfl)h - Zrez,(kflfl)h):| =0, (191)
0
J J
[ D>+ ad)i (= (k=D = Zn(k—1—1)h)) } => (1+d*E [(zfz,(k—l)h _Zfz,(k—z—1)h)2 (192)
1=0 1=0

021 —(1+d)>+%
PN T (1142

Note that the inventory process are martingales and, therefore, E [(zi’(k,l)h—zz,(kfl,l)h)(zfl’(k,j)h—sz’(kfjfl)h)} =

0 for j # I. Therefore, using the expected value of a folded normal gives that (190) is equal to

+d2+2] 1— 1+d2+2k
_ \ﬁ (q—d(l—q)) 1—q 1/ —a +)d —q)F ﬁ) (193)

Finally, putting (193) into (187)), the expected total volume is equal to

iuz {iewhk (Jle{Yn,kh! +lli4k{Xn,kh|)} = (194)

n=1 k=0

2 —r — 1— (14 d)2+23 1— (1+d)2+2k
TR (08 R e O e
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