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Conservative Holdings, Aggressive Trades:

Ambiguity, Learning, and Equilibrium Portfolio Flows

Abstract

We study equilibrium asset prices and portfolio flows in a model where agents learn about eco-
nomic fundamentals and differ in their aversion to parameter uncertainty. Exploiting the connection
between confidence intervals from classical statistics and multi-prior sets for ambiguity-sensitive
decision makers, we show that, because ambiguity-averse agents hold conservative portfolios, in
equilibrium they are willing to accept a lower compensation to take on additional risk, making
them natural buyers of risky assets when volatility rises. The model generates time-varying risk
premia that are amplified by bad news and dampened by good news. We empirically document
that these predictions are consistent with observed portfolio flows of agency and proprietary traders

and with patterns of risk premia around information-sensitive events.
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1 Introduction

Periods of high uncertainty, such as those following unexpected corporate or macro announcements,
frequently see institutional investors off-loading risky holdings in their portfolios with individual
investors taking the opposite side of the trade. Common explanations for such flows include,
for example, the role of informational asymmetry, portfolio constraints, or limited attention of

1 Similarly, a considerable body of research has documented that a substantial

retail investors.
portion of the equity risk premium is earned during information sensitive events, such as FOMC
announcements.? Despite the abundance of literature on these topics, jointly explaining equilibrium

dynamics of portfolio flows and risk premia in a unified framework remains an open challenge.

In this paper, we address this challenge by proposing an equilibrium asset pricing model in
which agents learn about the endowment process from realized dividends, have uniform informa-
tion but are heterogeneous in their aversion against ambiguity in parameter estimates. Following
Bewley (2011), we interpret confidence intervals from classical statistics as sets of posterior distri-
butions of a “Knightian” decision maker. Confidence intervals around estimated parameter values
represent therefore the amount of Knightian uncertainty, or ambiguity, an agent faces. Follow-
ing large unexpected dividend realizations, investors’ variance estimates increase and, at the same
time, confidence intervals widen. Hence, learning about parameter values generates time-varying

ambiguity.

Our main result is to show that in equilibrium an increase in estimated volatility induces
ambiguity-averse agents to increase risk in their portfolio. This seems counterintuitive, since
ambiguity-averse agents hold conservative portfolios and an increase in ambiguity about expected
future dividends should intuitively make them even more cautious. However, because ambiguity-
averse agents hold conservative portfolios, they are willing to accept less compensation for taking

on additional risk in spite of an increase in ambiguity.

An implication of this finding is that, in a model with ambiguity-sensitive agents, learning
about the dividend volatility, not just the mean, has a first-order impact on portfolio flows and
risk premia in equilibrium. It is typically believed that the variance parameters are relatively easy
to learn and that learning about volatility has a negligible impact on portfolios and equilibrium
returns (e.g., Collin-Dufresne et al., 2016b; Buss et al., 2021). While it is true that variances
can be learned easily when agents have access to a continuous stream of information, the same
might not be true when information arrives in “batches” such as during earnings or macroeconomic

announcements. Furthermore, because in our model ambiguity-sensitive agents are not locally risk-

!'See, among others, Frazzini and Lamont (2007), Barber and Odean (2008) and Hirshleifer et al. (2008) Kaniel
et al. (2008), Kaniel et al. (2012).

2See the large literature on the announcement premium, e.g., Savor and Wilson (2016), Ai and Bansal (2018),
and many others.



neutral, learning about volatility becomes particularly relevant for the dynamics of equilibrium
flows and risk premia. By emphasizing the importance of learning about volatility, our paper
echoes Weitzman (2007, p.1111) who claims that “for asset pricing implications [...] the most

critical issue involved in Bayesian learning [...]| is the unknown variance”.

We first illustrate the main intuition in a simple two-period heterogeneous agent model in
which ambiguity about the mean dividend is naturally tied to the estimated dividend volatility and
which we can fully solve analytically. We show that when both ambiguity-averse and ambiguity-
neutral agents coexist, the equilibrium risky holdings of the ambiguity-averse agent, while more
conservative than those of the ambiguity-neutral agent, are positively related to the level of dividend
volatility. Therefore, an increase in estimated volatility implies an equilibrium flow of risky assets
from ambiguity-neutral (sellers) to ambiguity-averse (buyer) agents. Because volatility directly
affects equilibrium portfolio holdings, learning about volatility becomes a crucial driver of flows
in a model with ambiguity averse agents. The key intuition from the simple model is that in
an equilibrium where both ambiguity-averse and ambiguity-neutral agents coexist, an increase in
estimated volatility leads to a new equilibrium risk premium that is “too high” (i.e., price too low)
for the ambiguity-averse agents and “too low” (i.e., price too high) for ambiguity-neutral agents
to justify the previously optimal portfolio weights. This difference in subjective valuations implies
gains from trade in which ambiguity-averse agents increase their position in the risky asset when

uncertainty increases.

We then generalize the model to an infinite-horizon setting, where overlapping generations of
agents learn about the mean and the variance of the endowment process. Leaning about variance
introduces an important technical challenge. In fact, when both the mean and the variance are not
known, the predictive distribution of dividends is Student-t. Due to the fat tails of the Student-t
distribution, expected utility is not well-defined in this case, see, e.g., Geweke (2001). We overcome
this difficulty by imposing an a-priori restriction on the dividend variance, exploiting recent devel-
opments in Bayesian learning techniques with truncated distributions (see, e.g., Weitzman, 2007;
Bakshi and Skoulakis, 2010). Specifically, we assume that the unknown variance can take values on
an arbitrarily large but finite interval. This assumption implies that the predictive distribution of
dividends is a “dampened Student-t”, i.e., a Student-t distribution with thinner tails, that allows
us to fully characterize the equilibrium with learning about both mean and variance. We show that
learning about variance generates equilibrium returns that are left-skewed, even with an iid-normal

endowment process.

Because in our model the true dividend mean and variance are time-invariant, agents even-
tually learn these parameters perfectly, thus making learning irrelevant in the limit. We provide
a tractable way to achieve perpetual learning in an overlapping-generation model by assuming

that “information leakage” occurs as generations overlap: new generations partially disregard the



accumulated knowledge handed over to them by the older generation. In a representative agent
economy, this assumption coincides with the idea of “fading memory” as in, e.g., Nagel and Xu
(2021), or “age-related experiential learning”, as in Malmendier and Nagel (2016), Collin-Dufresne
et al. (2016a), and Malmendier et al. (2020).

We empirically investigate our model predictions regarding portfolio flows and risk premia using
a novel database of Euro STOXX 50 futures transactions on the Eurex, one of the largest futures
and options markets in the world. We find that when uncertainty in the markets is high agency
traders—acting on behalf of clients—sell and proprietary traders—acting on their own account—
buy. This patter is robust and cannot be simply attributed to momentum or contrarian strategies.
Instead, these findings are consistent with the predictions of our equilibrium model where agency
traders are ambiguity neutral and proprietary traders are ambiguity averse.? Furthermore, we also
show that, in line with our model, proprietary traders earn a risk premium for providing liquidity
at the expense of agency traders in periods of market turmoil, e.g., Nagel (2012). This finding
is consistent with Nagel and Xu (2022) who report that subjective risk premia increase with the

subjective estimate of variance.

Our work relates to three strands of literature. First, we contribute to the literature that studies
asset prices under parameter uncertainty and learning.? We show that even in a model with iid-
normal dividends, time variation in the estimated variance has significant qualitative implications
on the joint dynamics of equilibrium flows and asset prices that features complex patterns present
in empirical data. When dealing with parameter uncertainty and learning, the vast majority of
the asset pricing literature assumes that the mean of the endowment process is unknown, but its
variance is known. This assumption is typically motivated by greater analytical tractability and the
impression that with a large sample and continuous observations, it is easy to learn the variance.
In reality, however, information reaches market participants in a lumpy fashion, such as during
FOMC meetings or corporate earning announcements, and agents cannot avoid the effort to learn

about volatility.®

Second, we contribute to the literature on asset pricing with heterogeneous agents.> We differ
from the work in this literature by considering learning and agents’ ambiguity aversion. Chapman

and Polkovnichenko (2009) study asset pricing in two-date economies with heterogeneous agents

3This dichotomy is inspired by the “competence hypothesis” of Heath and Tversky (1991), according to which
decision makers are generally ambiguity-averse toward tasks for which they do not feel competent.

“Among others, key contributions are David (1997), Veronesi (1999), Pastor (2000), Barberis (2000), Xia (2001)
Leippold et al. (2008), and Collin-Dufresne et al. (2016b). Péstor and Veronesi (2009) an extensive overview of
learning in financial markets.

5See the large literature on the announcement premium, e.g., Savor and Wilson (2016), Ai and Bansal (2018),
and many others.

5This literature is too vast to be reviewed here. Key contributions, among many others, are Mankiw (1986),
Dumas (1989), Constantinides and Duffie (1996), Dumas et al. (2009), Bhamra and Uppal (2014), and Gérleanu and
Panageas (2015). Panageas (2020) provides an excellent review of the literature.



endowed with non-expected utility preferences. We focus on one form of deviation from expected
utility, namely ambiguity aversion, and we generalize their results to the case of learning about
the mean and the variance of the endowment process in an overlapping-generation economy.” Buss
et al. (2021) study the dynamics of asset demand in a multi-period general equilibrium model in
which agents are heterogeneous in their confidence about the assets’ return dynamics. They show
that heterogeneous beliefs lead to asset demand curves that are steeper than with homogeneous
beliefs. Unlike Buss et al. (2021), heterogeneity in beliefs emerges endogenously in our model as a

consequence of agents’ different attitude towards ambiguity.

Third, our work is related to the large literature that studies asset prices and the trading
behavior of agency and proprietary traders. Ample evidence indicates that proprietary traders
act as liquidity providers who meet agency traders’ demand for immediacy.® Consistent with this
view, we document that agency traders tend to sell when volatility rises. Although proprietary
traders might be less sophisticated (see, e.g., Menkveld and Saru, 2023), they face lower agency
costs and less liquidity constraints than their agency counterparts. This advantage allows them
to act as liquidity providers, especially during times of financial turmoil when liquidity is a scarce
resource. These patterns of flows, together with the observed high level of risk premia are consistent
with the findings of the demand-based asset pricing literature, e.g., Koijen and Yogo (2019) where

price-inelastic proprietary investors buy from agency traders in periods of high uncertainty.

The rest of the paper proceeds as follows. In Section 2 we provide intuition in a simple equi-
librium model. Section 3 presents an overlapping-generations model with learning about the mean
and variance of the dividend process. Section 4 contains our empirical analysis of the equilibrium
flow dynamics. Section 5 concludes. Appendix A contains proofs; Appendix B derives the predic-
tive dividend distribution and expected utility when dividend variance is unknown; Appendix C
provides technical details of Bayesian learning with unknown variance; Appendix D provides de-
tails of the numerical construction of the equilibrium; and Appendix E analyzes the implications

of stochastic volatility for equilibrium portfolio flows.

"Similar to our setup, Easley and O’Hara (2009) model investors with a desire for robustness with respect to
ambiguity in both the dividend mean and variance. In our model, learning ties the ambiguity in the dividend mean
to the variance of the dividend distribution and helps rationalize portfolio flows in reaction to new information.
Cao et al. (2005) use a similar model with heterogeneous uncertainty-averse investors but no learning to show that
limited asset market participation can arise endogenously in the presence of model uncertainty. Illeditsch et al.
(2021) analyze learning under ambiguity about the link between information and asset payoffs and show that this
leads to underreaction to news. Ilut and Schneider (2022) provide a comprehensive survey of modelling uncertainty
as ambiguity.

8See, e.g., Nagel (2012) and Biais et al. (2016).



2 A two-period model

In this section, we develop a simple model to illustrate the effect of dividend volatility on equilibrium

portfolio weights and risk premia when agents differ in ambiguity attitudes.

Assets. There are two dates and a single “tree” producing a perishable dividend d at the terminal
date. Agents live for two periods. In the first period, they can trade in claims over the dividend tree
(the risky asset) at a price p and a riskless asset available in infinite supply. In the second period,
they consume the dividend from their portfolio. Since consumption occurs only at the terminal

date, the riskless rate in the economy is undetermined and assumed to be a constant r.

The dividend d is normally distributed with unknown mean g and known variance o2, d ~
N (u1,0?). The assumption of known dividend variance will be relaxed in Section 3. We assume
that agents enter the initial date having observed a history of dividend realizations from which they

can calculate the time series average m and the associated standard error s with s o< 0.

Preferences. The economy is populated by two types of agents, ¢ = A, B, both having CARA
utility, u(W) = —%e‘”w, with identical absolute risk aversion v > 0. Agents differ in their attitude
towards uncertainty about the estimate of the dividend mean pu. Type-B agents are standard
Bayesian (subjective expected utility) investors. They use m as their subjective dividend mean and
account for its estimation error by inflating the variance o2 by the squared standard error s2.'°

Therefore, the predictive distribution of the dividend d for agent B is

d~B N (uP,0% + 5%), where uf =m. (1)

In contrast, type-A agents are averse to uncertainty in the mean estimate. To model aversion to
uncertainty we exploit the connection between classical confidence regions and “Knightian” uncer-
tainty, or ambiguity, e.g., Bewley (2011). We assume that ambiguity is represented by “multiple
priors” about the distribution of d and that A-agents are averse to this ambiguity. Operationally,
we characterize the set of priors as “confidence interval” around the mean estimate, m, whose
size depends on the standard error s and the agents attitude towards ambiguity. Specifically, we

characterize the ambiguity that A-agentes face as the confidence interval

P =[m — ks, m+ ks], (2)

a

9 Assuming n; dividend observations, these quantities are, respectively, m = n% 2221 di and s = Wk

19Gee, e.g., Section 2.5 of Gelman et al. (2020) for a proof of this result.



with k > 0 a preference parameter that captures ambiguity aversion. When x = 0, the set of
priors P collapses to the singleton m, and A- and B-agents are identical. The parameter x also
has a classical statistical interpretation as a quantile of a distribution. Therefore, agents A face the

following set of predictive distributions

d~* N (i, 0% +5%), pteP. (3)

Optimal Portfolios. At the initial date, agents i = A, B are initially endowed with wealth 1/*

and chooses a portfolio of #° units of the risky assets. The agents’ wealth at the terminal date is
Wizwi(1+r)+9i(d—p(1+r)), i=A,B. (4)
Agents B choose the portfolio 8 to maximize their expected utility of terminal wealth, that is,

1 W
II;%XE [—e'y B] , (5)
Y

subject to the budget constraint (4).

Being averse to ambiguity, agents A choose portfolios by maximizing expected utility under the
“worst-case scenario” from the set P in equation (2) as in Gilboa and Schmeidler (1989). That is,

type-A agents solve the following problem!!

1 —
max min E [—e_VWA] , (6)
04 pAep 0
subject to the budget constraint (4). The prior that minimizes A’s expected utility in equation (6)
is
m—rks, if 04 >0

MA = arg ﬂrgl.ier;jE [u (WA)] =<{Pp if A = 0. (7)

m+ ks, if 4 <0
Therefore, the minimum expected utility for the ambiguity-averse agent A in equation (6) can be
computed from the predictive distribution of d in equation (3) where the belief 4 is selected to be

either u = m — ks, if 84 > 0 or p = m + ks, if 64 < 0. When ambiguity averse agents do not

"For simplicity, in our analysis we rely on the “max-min” implementation of the Gilboa and Schmeidler (1989)
model, as in Garlappi et al. (2007). Alternative and less extreme versions of this approach are possible, such as
models with “variational preferences” as in Hansen and Sargent (2001), in which the desire for robustness can be
captured by a “penalty” for deviations from the belief m, see, e.g., Anderson et al. (2000) and Hansen and Sargent
(2008).



participate, i.e., 4 = 0, no distinct prior is selected. Optimal portfolios are, however, well-defined

7771_7’({;2_&;;” >0 if m-—p(l+r) > ks,

and 041 =< 0 if |m—pl+7r)| <ks. (8)

%}W<O it m-p(l+r) <-—ks

pB _ ™M —]27(1 +27')
v (02 + s2)
This implies that agent A’s problem in equation (6) is equivalent to the problem of agent B but
with a “distorted” belief about the expected dividend. While B agents use EB(d~) = uB =m,
ambiguity averse agents A determine their demand under the prior that implies IEA(J) = A (or
they do not participate, in which case no prior is selected). Figure 1 shows the optimal demands '
of both agents as a function of the risky asset’s price p. Because of ambiguity aversion, agents A
hold a more conservative portfolio than agents B, |§4| < |#®|. Moreover, ambiguity aversion may

induce non-participation, that is, 64 = 0.

—— B’s demand, 9%

——  A’s demand, 04
- —— aggregate demand
- — - aggregate supply

1.5

m4kKs

1+r

Portfolio demand

p 147 p

-0.5

<
in

Figure 1: Risky asset demand. The figure shows the risky asset demand 6% and 64 from
equation (8) as a function of the risky asset price p. The red line denotes type-A’s demand; the
blue line type-B’s demand; the black line is aggregate demand; and the dashed line is the aggregate
supply of the risky asset.



In equilibrium, when markets clear and 64 + 08 = 1, none of the agents hold short positions
in the risky asset and either both types of agents choose positive portfolio weights or ambiguity
averse agents do not participate. We obtain the following characterization of the equilibrium price

p of the risky asset.

Proposition 1. The equilibrium price p is given by

where the risk premium \ is

L3P nsw
\ = with k" =~
L L

G2+82

(10)

Ambiguity averse agents participate, if their coefficient of ambiguity aversion is sufficiently low,

k< K*.

A proof of Proposition 1 is in Appendix A.

The demands for the risky asset in equation (8) implies that in equilibrium either both agents
hold long positions or only B agents participate. Because the standard error is proportional to the
dividend variance, s « o, equation (A.4) shows that when both agents participate, i.e., k < K*,
the equilibrium risk premium is linear-quadratic in the dividend volatility . This is because the
preferences of type-A agents exhibit “first-order” risk aversion, (see, e.g., Segal and Spivak, 1990).
Intuitively, unlike B agents who are locally risk-neutral, A agents are locally risk-averse and demand

a compensation for holding a vanishing amount of risk.

Substituting the equilibrium price p from equation (9) in the agents’ demand functions (8) and

simplifying we obtain that, when both agents participate, the equilibrium weights are

1 K s 1 K s
pA = - _ [ 2 def=-4 2"~ _ < K*. 11
2 2 <a2+82>’ o 2" 9y <02+82>’ ren )

<L ol

Equation (11) shows that when both agents participate, ambiguity averse agents A increase
their holdings of risky asset when volatility rises while Bayesian agents B decrease their holdings.

As 0 — o0, the portfolio holdings converge asymptotically to the constant weights 64 = 5 = 1/2.

Ignoring the connection between s and ¢ implied by the iid-normal model, the portfolio weight

64 is negatively related to the standard error s and positively related to the variance 0. Hence,



ambiguity-averse agents reduce exposure to the risky asset as ambiguity increase, i.e., as the con-

fidence interval P in equation (2) widens, and increase exposure as variance increases.

Equation (11) shows that dividend volatility is a key variable for the determination of equi-
librium portfolio weights. This feature is a general property of any model with heterogeneous
asset demands. In our model, the difference in demand originates from heterogeneous aversion
towards ambiguity. In general, differences in demand may emerge from a variety of reasons, such
as, heterogeneous information, bounded rationality, differences in belief formation, etc. In fact,
as long as these differences result in different dividend expectations across agents, 4 < p?, in a
CARA-normal setting, the equilibrium portfolio weights in equation (11) will take the following
form
Ap p_ 1 Ap

1
1 _ 1,8k 12
2 s U T et e (12)

QA
with Ap = pP — p? > 0 denoting the difference in expectations. If Ay is independent of o, the
pessimistic investors A hold a conservative portfolio and increase their risky holding following an
increase in volatility. If Ay depends on o, agents A’s risky holding increases (decreases) with o
depending on whether the “tilt”, Au/(0? + s?) decreases (increases) in o. In our model Ay x o
and s o, therefore the tilt Au/(0? + s?) o< 1/0 and the pessimistic investors A increase risky
holdings as volatility increases. In general, however, the above analysis suggests that, as long as
agents disagree on the mean dividend, volatility plays a key role in the determination of equilibrium

holdings and flows.

Figure 2 provides an intuition for the structure of the equilibrium holdings in equation (11). The
dotted curves in the figure represent “iso-portfolio” curves for both agents, that is, the combination
of volatility o and risk premium A associated with the same risky asset demand from equation (8).
Red-dashed lines refer to A-agents and blue-dashed lines refer to B-agents. The solid black line
traces the intersection of complementary iso-portfolio curves, i.e., the set of volatility and risk
premia (o, \) for which the market clears, 8% + 64 = 1. From equation (A.4), A-agents participate
only when their ambiguity aversion x < x* = 7%. If agents enter the initial date having observed
a history of n; dividend realizations, the standard error is s = o/,/n;. Hence, the participation

condition k < k* = y%ELs can be equivalently expressed in terms of volatility as o > o* = 7{-?1 g

ne

The red-shaded area in Figure 2 indicates (o, A\) combinations for which A-agents do not par-
ticipate. For values of o < ¢*, the risk premium is too low for A-agents to participate. In this
case, the equilibrium risk premium coincides therefore with the 8% = 100% iso-curve, i.e., the
highest blue-dashed line. For values of o > ¢*, both agents participate. Lemma A.1 in Appendix
A shows that in any equilibrium in which A-agents participate, their iso-portfolio lines are always
flatter than those of B-agents. Intuitively, because A-agents hold fewer units of the risky asset
than B-agents, starting from an equilibrium in which both A and B participate, A-agents require

relatively less compensation than B for bearing an additional unit of volatility while keeping the
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Figure 2: Equilibrium portfolios and risk premia. The figure shows iso-portfolios lines of
type-A (red-dashed) and type B (blue-dashed) agents. These lines represent the set of volatility
and risk premium values (o, A) that correspond to a given constant portfolio weight in equation (8),
where the standard error s = o /,/n;. The solid black line represents the set of points (o, A) at which
the market clears, 84 +6% = 1, and \ is the equilibrium risk premium X. The vertical daslxl/eii—dotted

[ — nt K

line indicates the participation threshold x < k¥, or equivalently, o > ¢* with ¢* = MET A and

the horizontal dashed-dotted line indicates the hurdle risk premium \* = WJ*. Parameter

values: n; =20, v=1, k= 1.

portfolio unchanged. Hence, starting from any equilibrium with participation, a positive shock to
volatility generates “gains from trade” where A-agents are willing to buy and B-agents are willing

to sell.

In this section, we have assumed that the dividend variance is known. Therefore, in this model
there cannot be equilibrium flows unless one is willing to assume that variance moves over time in
an unexpected way so that agents are constantly surprised by shocks to volatility. We do not find
such an assumption consistent with the forward-looking nature of market participants. A more

realistic way to introduce time variation in volatility is to consider the case in which volatility is

10



unknown and agents learn about it by observing dividend realizations. We develop such a model

in the next section.

3 An overlapping-generations model

We consider an infinite-horizon overlapping-generations (OLG) model in which each generation
consists of type-A and type-B agents in equal mass, as in Section 2, living for two periods. The
setup we consider is similar to De Long et al. (1990) and Lewellen and Shanken (2002), however,
unlike De Long et al. (1990) there are no noise traders in our model, but agents differ in their
attitude towards ambiguity. Unlike Lewellen and Shanken (2002), each generation consists of

heterogeneous agents instead of a representative agent.

3.1 Setup

Assets. There is a riskless asset in perfectly elastic supply that pays the interest rate r in every
period t = 1,..., 00 and a risky security in unit supply that pays the dividend d; in each period t.

Dividends are i.i.d. and normally distributed,
di ~ N(:ua 0-2)) (13)

with constant mean p and variance o2. Agents know that dividends are normally distributed, but
they do not know the moments of the distribution. They learn about p and ¢ by observing dividend

realizations over time.12

Investors. Agents live for two periods with overlapping generations. There is no first-period con-
sumption or labor supply. In the first period, agents only decide how to allocate their exogenous
wealth between the risky and risk-free asset. In the second period, agents collect the dividend, lig-
uidate their risky portfolio by selling it to the new incoming generation, and consume the proceeds.
There is no bequest. As in Section 2, we assume that both agents have CARA preferences but
differ in their assessment of expected end-of-period wealth: B-agents are Bayesian and A-agents

are ambiguity averse.

Because investors are short-lived, their portfolio decisions do not contain an intertemporal
hedging component. However, in equilibrium, to construct their portfolio, generation-¢ investors
need to form beliefs about both future dividends d;y1 and asset prices psy1. To do so, they would

need to know how generation-(¢ + 1) forms beliefs and so on, ad infinitum.

126 simplify the exposition of the model, we ignore the fact that eventually agents will learn the true parameters
in the limit. In Section 3.4, we generalize the model to the case of perpetual learning.

11



3.2 Learning when variance is unknown

The unknown dividend variance poses a technical challenge in the definition of the agents’ problem.
Standard results from statistics (see, e.g. Greene, 2020), imply that when both the dividend mean
and variance are unknown, the predictive distribution is Student-t. Hence, because learning about
volatility generates fat-tailed dividend distributions, expected utility is not well defined (see, e.g.
Geweke, 2001; Weitzman, 2007). We overcome this difficulty by adopting the approach proposed
by Bakshi and Skoulakis (2010), who provide a methodology for solving asset pricing models with
unknown volatility and Bayesian learning. To guarantee that expected utility is well-defined in
such models, they propose to replace the standard normal-Gamma conjugate prior with a normal-
truncated Gamma conjugate prior.'> Their key methodological contribution is to show how to
impose truncation bounds on the Gamma distribution to preserve conjugacy, that is, to ensure
that the same bounds are preserved after agents update their priors. Bakshi and Skoulakis (2010)
prove that the predictive distribution of dividends obtained in the normal-truncated Gamma setting
is a “dampened” Student-t, that is a Student-t with thinner tails. Under this distribution, expected

utility, and therefore the agents’ portfolio choice problems, are well defined.

The learning problem of agents in each generation ¢ can be decomposed into two steps: (i) in-
formation updating and (ii) belief formation. The first step is common to both A and B agents:
they are equally informed and their heterogeneous preferences do not affect how they update their
information in light of new dividend observations. The second step, belief formation, differs de-
pending on agents’ preferences: A and B make different use of their updated information from

step (i) to form beliefs about moments of the predictive distribution of future dividends.

Figure 3 summarizes the two steps involved in agents’ learning process. We now discuss each

step in detail.

Information updating. While dividend variance is unknown, all generations agree that the
variance is finite. Hence, the dividend precision ¢ = 1/0? is bounded, ¢ € [, @] with 0 < ¢ <
¢ < co. At each time t, both types of agents inherit information about ; and o from generation
t — 1 in the form of a normal-inverse truncated Gamma posterior which they use as their ¢-prior,
or “model”, that gets updated after observing the new dividend, d;. The generation ¢t — 1 posterior
of ¢ that is handed over to generation ¢ is a truncated Gamma with v;_; degrees of freedom and

shape parameter b;_1, that is,

Vi1

ol(t — 1) ~AP TG[ :

,8”21;¢,¢], 0<¢<¢< o0, (14)

13See, e.g., Gelman et al. (2020) for a discussion of Bayesian statistics in the normal-Gamma framework. The
density of the truncated Gamma distribution is stated in equation (B.1) of Appendix B.
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Figure 3: Information updating and belief formation. The top part of the figure illustrates
the “information updating” step in which the state variables b; and m; are updated upon observing
a new dividend realization d;11. The bottom part of the figure illustrates the “belief formation”
step, and shows how agents at time ¢ use the information from the state variables in the infor-
mation processing step to form predictive distributions about the future dividend. The predictive
distribution ¢2[, -, -] refers to the dampened Student-t with 1, degrees of freedom, see equation (24).

The degrees of freedom v;_1 describes the precision of the ¢-prior and is in classical statistics set
to my — 1 to obtain a bias free estimate of the variance, see, e.g., Greene (2020). When we discuss
learning under information leakage in Section 3.4 this close connection is no longer cawturetrue.

Conditional on the precision ¢, agents’ prior about the mean p is normally distributed, that is,

o (6= 1) AP N (e, ) (15)
ng_19
as in the model of Section 2, with n;—1 the number of observations measuring the precision of
the p-prior. Again, with information leakage, the close connection between n; and the number
of observations is released. Hence, m;_1, n;—1 and bs_1, 14_1 is the information that is passed
on from generation ¢ — 1 to generation ¢, where m;_; is the sample mean estimated from n;_;
observations and the shape parameter b;_; is essentially the sum of historical squared errors and,
hence, with 141 degrees of freedom, b;_1 /141 captures an estimate of the variance. We can think
of (my—1,bi—1) as a “model of the world”, agreed upon by all agents, with m;_1, ns—1, by—1 and

14—1 representing its state variables.

Generation ¢ updates this information with the newly observed dividend d;. The computed

t-posterior is again of the normal-inverse truncated Gamma family

b _ —
¢|t ~AB TG |:l;tv2ta¢’¢:| ) O<?<¢<OO, Vt:thl‘*']-a (16)
1
M‘(rb?t ~AB N <mt7 7’Lt¢> , Mg =M1+ ]-7 (17)
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where the state variables m; and b, are obtained from updating (m;_1,b;—1) upon observing the
dividend d;, that is,

_ 1
my = i 1mt—1+7dt (18)
nt nt
ng—
be = byy + ——(dy — me_1)?, (19)
Nt e et

—p2
=e;

with e; = dy — my—1 denoting the time ¢ dividend surprise relative to the mean m;_;.

Belief formation. Although generation t-agents observe the same state variables, update in-
formation in the same way, and arrive at the same posteriors given in equations (16) and (17),
they differ in how they use these posteriors to form their beliefs about the distribution of future
dividends from which they derive their demand. Specifically, A-agents are averse against ambiguity
in the expected dividend. To keep things simple, we assume that both agents are neutral to ambi-
guity in the variance. Assuming that A-agents are also averse towards ambiguity in the variance
requires the specification of a set of priors for both u and ¢. This complicates the analysis without

qualitatively changing the key features of the learning model 14

Both agents use as a prior about the precision ¢ the posterior that results from information
updating with d;, i.e., the truncated Gamma distributed with shape parameter b; from equations
(16) and (19),

6~ G| %, 05 (20)

B-agents are ambiguity neutral, hence, they use directly the time-t posterior of the information-

updating step as their prior. Conditional on ¢, their prior about the mean p is normal with mean

B _
By = My,

ng ¢

In contrast, A-agents are uncertain about the model that drives the predictive distribution of future

1
o~ N (b L) b = 1)

dividends. Unlike B-agents, who use (my,b;) as their model, A-agents consider a set of models,
obtained by constructing a confidence region centered around m;, as this is done in the two-period

model of Section 2. Specifically, they consider confidence intervals for u from the t-posterior (17)

14Because the estimates of u and o are independent, confidence intervals are two-dimensional trapezoids. With
max-min preferences, the ambiguity-averse agent will always elect the highest possible return variance when construct-
ing optimal portfolios, see, e.g., Easley and O’Hara (2009). Therefore, the portfolio choice problem with ambiguity
about both p and ¢ reduces to a problem with ambiguity only about u, where ¢ is fixed at the lowest possible value
in the prior support.
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and entertain the following conditionally normal priors of p,
~ 1 -
o~ (i, ) gt emy (22)
ne ¢
where P;" denotes the ambiguity sets for the mean, p,
Py = [my — K8, my + kSt , (23)

with sy = representing agent A’s subjective estimate of the standard error of the dividend

vV 1t E¢[$]be]

mean. Following Bakshi and Skoulakis (2010), in Lemma B.1 we show, under these assumptions,

agents i’s predictive distribution of future dividends is a “dampened” Student-t'°

- ng + 1 ng+1
dt+1 NA tlz I:/’qu7 bt7 tn :| ’ dt+1 NB tlz |::utB7 bt7 tn:| ) (24)
t t

where pP = m; and ' € P/”. Because the dampened Student-t distribution has thinner tails
than the Student-t, the agents’ expected utility is well-defined, and we can solve for their optimal

portfolios.

3.3 Equilibrium

At each time ¢, agents are initially endowed with wealth W} and choose a portfolio of §! units of

the risky assets. Their wealth at time ¢ 4+ 1 is
Wti+1 = th(l + 7") + 9% (pt+1 + dt+1 — pt(l + T‘)) s 1= A, B. (25)

Hence, to determine their portfolios at time ¢, agents have to form expectations about future
dividends dyy1 and prices py+1. They choose their optimal portfolio by solving, respectively, the

following maximization problems,

max Eqfu(VE,), (26)
t
and
max min EJu(W,)], 27
e min By fu(Wi) @)

where P; is the ambiguity set defined in equation (23). Proposition B.1 characterizes the time-¢

generation expected utility Ef[u(W/, )] for a given portfolio ;.

Unfortunately, there is no closed-form solution for agents’ demand in this setting. However, we

show in Appendix B.1 that the OLG model with unknown variance features an equilibrium price

15See Definitions B.1 and B.2 in Appendix B for a formal definition of the density of a dampened t-distribution.
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of the form

Pl b) = me = Ah), (28)
with the consequence that A-agents again select either the prior uf = my — ksg or they do not
participate (as it is the case in the two-period model in Section 2). Hence, participating ambiguity-
averse A-agents select portfolios as if they were purely risk averse with a distorted belief about the
expected dividend, Ef(dtﬂ) = uf = m; — kS, relative to the expectation of the Bayesian B-agents,

who make portfolio decisions according to Ef (CLH) = my.

As Proposition B.1 shows, the determination of (participating) agents’ expect utility in each
generation only requires the numerical evaluation of a well-behaved integral. Agent i’s demand 6}

is obtained by solving the first-order conditions

dE; [u(W},,)]

. — 0, i=AB.
do; !

Appendix D provides details of the numerical procedure we use to construct the equilibrium.

As a special case, we solve the case with known variance, for which we can obtain a closed-form
solution. The following proposition characterizes the equilibrium price and the portfolio weights

when variance is known.

Proposition 2. Assume d; ~ N(p,0?), with p unobservable and o observable and that agents
i = A, B form beliefs pi about p as described in equations (21) and (22) with ¢ = 1/0? known.

Then, the equilibrium price of the risky asset when both agents participate is

1
P = g = A, (29)
where the risk premium Ay is given by
K
Ay th§€7+ft%027 (30)

with g; and fy deterministic functions of time defined in equations (A.23) and (A.24) of Appendiz A.

The equilibrium portfolio weights are

1 K /Nt 1 1 K /Nt 1
= - ([ —Y )= and P =+ [ —— ) = 1
P2 2y <1+r(nt+1)>0 ane b 2+2'y <1+r(nt+1)>0 (81)

A proof of Proposition 2 is in Appendix A.

The equilibrium weights (31) are the infinite-horizon OLG equivalent of the equilibrium weights

in equation (11) in the two-period model of Section 2. As in the simple model of Section 2, A-agents
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hold conservative portfolios, 0,;4 < HtB , but as volatility increase, they increase the weight in the
risky asset, i.e., 90;' /0o > 0.16

Portfolio flows: As in the simple model of Section 2, after obtaining the equilibrium prices, we
can derive the equilibrium portfolio weights of both agents. We denote by 6(my, b;) the resulting

equilibrium demand of type-i agents in generation ¢t and define portfolio flows as
AHi(mt, bt) = Hi(mt, bt) - Qi(mt,l, btfl), 1= A, B. (32)

The equilibrium portfolio weights depend on the state variables m; and b;. Therefore, unlike the
static model of Section 2 or the OLG model with known variance of Proposition 2, learning about
the dividend variance generates flows across agents in equilibrium. Specifically, a positive flow,
AG (my, by) > 0, implies that the t-generation of type-i agents increases risky asset holdings relative
to the (¢ —1)-generation. Such a positive flow represents an intra-generational trade in which type-i

agents buy the risky asset from non-type-i agents.

3.4 Perpetual learning

In the analysis so far, we have ignored the fact that, because the unknown true dividend mean

2 are constant, agents eventually learn the true parameters. This problem is

p and variance o
particularly relevant in the context of an OLG economy, where there is an implicit assumption that
generations overlap forever. To address this common shortcoming of learning models, we modify
the analysis of Section 3.2 by assuming that some information from past observations is gradually
lost as generations overlap. In a representative agent economy, this setting coincides with the idea
of “fading memory” as in, e.g., Nagel and Xu (2021), or “age-related experiential learning”, as in

Malmendier and Nagel (2016), Collin-Dufresne et al. (2016a), and Ehling et al. (2018).

To model perpetual learning in a tractable fashion in an OLG model, we assume that when
generation overlap, a shock occurs that reduces the informativeness of the posteriors of ¢ and p|¢ in
equations (14) and (15) as they are handed-over from one generation to the next. The effect of this
shock is to introduce a “time-distortion” by a factor w € (0,1).!7 In particular, with information
leakage, the number of observations, n;, and the degrees of freedom, v, are no longer incremented
by one with each new dividend observation, see equations (16) and (17). The iteration schemes are
now n; = wny—1 + 1 and vy = w1 + 1, i.e., the information content in the ¢ — 1 prior is discounted

before learning from the new observation is done. In the context of information leakage, we refer to

16 As ¢ — 0o agents eventually learn the true mean p and the weights in equation (31) converge to 1/2. In Section
3.4 we extend the model to allow for perpetual learning.

17 Appendix C provides details about how we explicitly model the shocks to the priors about x and ¢ and how the
state variables are updated in a Bayesian way with new dividend information.
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nt as the “effective number of observations” as it is used, e.g., in Nagel and Xu (2021). Intuitively,
the quantity n; represents a new “clock” that runs slower than t. This device allows us to achieve

perpetual learning in our model while keeping most of the analysis of Section 3.2 unaffected.

In the case of perpetual learning, the prior of ¢|t in equation (16) becomes

¢NA’B TG |:V2t7l;;¢7¢:|’ 0<9<$<OO’ (33)

where the degrees of freedom are 14 instead of ¢ — 1; the prior of |, ¢ in equation (17) becomes

AB 1
il ~ N(mt,nt¢>, (34)

where the precision is n.¢ instead of t¢; the updating equations of the state variables m; and b; in

equations (18)—(19) become

wny 1
= —* — d 35
Mi41 wnt+1mt+wnt+1 t+15 (35)
wn
bt = wht — o (di — o) (36)
t

and the updating equation of the additional two new state variables n; and vy is
ner1 =wne + 1, v =wrp + 1. (37)

In these equations, the parameter w € [0, 1] controls the amount information leakage. By setting
w = 1, we can recover the case described in Section 3.2. Notice that, as ¢ increases, n; approaches
the asymptotic value n = ﬁ Therefore, in the steady state the problem can be described by just

two state variables, m; and b;.

3.5 Results

We numerically solve for an equilibrium with unknown mean and variance with perpetual learning,
following the procedure described in Appendix D. Figure 4 shows the equilibrium portfolio weights.
The red line refers to the ambiguity averse agents’ portfolios and the blue line to the Bayesian
agents’ portfolios. Consistent with the weights derived in equation (11) in the two-period model of
Section 2 and with those for an OLG economy with known variance in Proposition 2, the weights
of the ambiguity averse agent A is increasing and those of the Bayesian agent B are decreasing
in \/W, which is an indicator of the estimated dividend volatility.'® In the figure we set the

81f dividend precision ¢ = 1/0? is non-truncated Gamma distributed, E(¢) = v;/b;. This motivates the usage of
bt /vt i.e., the sum of squared errors divided by the number of degrees of freedom as an indicator of dividend variance
and the square root of this expression as an indicator of dividend volatility.

18



truncation bounds ¢ and ¢ such that the true volatility o € [0.2,0.6]. When the \/b;/v; takes
values outside this range, agents become very confident that the true o is either at the upper or
at the lower bound of the a-priori interval. Therefore, as the shaded areas in the figure show, the

portfolio weights are less sensitive to changes in dividend volatility for values outside the range of
[0.1,0.6].

1.0

0.8

07, 07

0.4

0.2

0.0

3>

Figure 4: Equilibrium portfolios and volatility. The figure shows A and B agents’ equilibrium
portfolios as a function of the standard deviation estimate 6, = +/b;/v4, where b; is the sum of
squared error and v; the degrees of freedom. Parameters values: x = 1, ¢ and ¢ such that the true
volatility o € [0.1,0.6], 7 = 0.1, and v; = 7 = 20. B

The dependence of the portfolio weights ;' and 67 on \/17,5/7 , shown in Figure 4, has a direct
counterpart in terms of dividend “surprises”’, i.e., deviations of the realized dividend from the
historical mean m;. Figure 5 shows the equilibrium risky asset holdings of A-agents (left panel)
and B-agents (right panel) as a function of this surprise. Different lines correspond to different
values of the ambiguity aversion parameter x. Larger values of x imply stronger ambiguity aversion
and more conservative (aggressive) portfolios for A-agents (B-agents). Large dividend surprises
are associated with large subjective values of volatility. The U-shape nature of the equilibrium
portfolios in the left panel of Figure 5 implies that A-agents are more aggressive than B-agents in
their trades. After large positive and negative surprises A-agents increase their risky asset holdings.
Heterogeneity in ambiguity attitude is crucial for this result. In fact, if A-agents were ambiguity

neutral, k = 0, there will be no flows in equilibrium, even if A and B were to differ in their degree of
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Figure 5: Equilibrium portfolios and dividend surprise. The figure shows the equilibrium
portfolio of A-agents (left panel) and B-agents (right panel) as a function of the standard deviation
estimate 6, = /b;/vy = 0.3, where b; is the sum of squared error and v; the degrees of freedom.
Different lines corresponds to different values of the ambiguity aversion parameter x. Parameters
values: ¢ and ¢ such that o € [0.1,0.6], » = 0.1, and v =7 = ﬁ = 20.

risk aversion. As discussed earlier, heterogeneity in ambiguity attitude provides a micro-foundation

for difference in beliefs across agents, which is at the root of the trading motive in our model.

Figure 6 shows equilibrium flows for a given random path of dividend realizations. The solid
red line reports the time series of normalized surprises, while the blue bars represent flows of risky
asset from B to A, defined in equation (32). A positive value of flows means that A is buying from
B in equilibrium, and vice versa for negative values. Consistent with results shown in Figures 4 and
5, following large positive and negative surprises, ambiguity-averse A-agents increase their holding
of the risky asset by buying from ambiguity-neutral B-agents, Af;' > 0. In contrast, periods with
low surprises are characterized by A-agents selling to B-agents. The figure therefore reiterates
the aggressiveness of ambiguity-averse agents’ trades when faced with large dividend surprises and
confirms, in an infinite horizon model with learning about mean and volatility, the main intuition

developed in the simple two-period model of Section 2.

3.6 Implications for return predictability

As the expression of the equilibrium price in equation (28) shows, when variance is unknown the

risk premium is time-varying and depends on the state variable b;. In contrast, when variance is
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Figure 6: Portfolio flows on a simulated path. The figure illustrates A-agents’s surprises,
eft = dyy 1 — pit (left axis), and portfolio flows, Aff' (right axis). The state variable by is chosen
such that 69 = \/bo/7 = 0.3. Parameters values: x = 1, ¢ and ¢ such that the true volatility
o €[0.1,0.6], 7 = 0.1, and vy =1 = - = 20.

known, as Proposition 2 shows, the risk premium is a deterministic function of time. Therefore,
learning about volatility qualitatively changes the nature of equilibrium asset prices and, by making

risk-premia endogenously time-varying, generates return predictability in the model.

To explore the implications of our model for return predictability, Figure 7 shows the equilibrium
risk premium as a function \/bt/7 , an estimate of the standard deviation, in the steady state of the
OLG economy with perpetual learning. The figure shows that the risk premium is an increasing
function of the estimated standard deviation. Combined with the properties of portfolio flows shown
in Figure 4, the risk premium pattern in Figure 7 implies that when B agents sell to A agents,
a phenomenon that occurs following surprising dividend realizations, asset prices are lower. This
feature is consistent with the findings from the demand-based asset pricing literature (e.g., Koijen
and Yogo, 2019) where price-inelastic A-agents are willing to absorb flows from selling B-agents,

whose demand shows higher price elasticity.

To understand the origin of return predictability in our model, consider first the case in which
the true dividend mean is constant and unknown, while the variance is constant and known to

all investors, as in Proposition 2. This case is similar to the economy studied by Lewellen and
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Figure 7: Equilibrium risk premium. The figure shows the equilibrium risk premium A; as a
function of the standard deviation estimate =\ /b /vy when both the dividend mean and variance
are unknown. Parameters values: x = 1, ¢ and ¢ such that the true volatility o € [0.1,0.6], » = 0.1,

and vy =1 = ﬁ = 20.

Shanken (2002). In such a setting, after positive dividend realizations, investors’ estimate of the
mean dividend m; is higher than the true mean p, and the stock is “over-priced” relative to its
fundamental value. Since the true mean is lower than investors’ estimate, the price will be mean
reverting. An econometrician looking at the data will find that high prices predict lower returns.

However, such a return predictability cannot be exploited by agents in the economy. To see why

this is the case, let \™ = rA™” = p — pir denote the (per period) objective risk premium, and
decompose it as follows
NP = —pir = =+ g = pers (38)
~—— ~——
unobservable E)\’é

with \! denoting i-agents’ subjective risk premium. Using the equilibrium price p; derived in
Proposition 2, we deduce that the subjective risk premium i is only a deterministic function of ¢.
Following a positive dividend realization, agents’ subjective estimate of the mean ¢ increases, which
leads to an increase in the price p;. As a consequence, see equation (38), the objective expected
risk premium A;™ decreases, implying lower expected returns. However, unlike the econometrician,

investors do not know the true dividend mean p and therefore cannot exploit such a predictability.
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In contrast, when the variance is not known, the equilibrium subjective risk premium is time-
varying as it explicitly depends on the state variable b;. Formally, from equation (28) we can define

the objective and subjective risk premia, Afbj and A! as follows

1 1 . 1 .
) = T = M) =i (=) + A ), (39)
1

_ L (i(ﬂmt) +A(bt)>. (40)

r

=A™ (be)

Because for B agents, ui = my, equation (39) implies that A;(b;) is agents B’s subjective risk
premium. As Figure 7 shows, Ay(b;) is an increasing function of /b;/v;. Therefore, agents expect
higher returns after large positive or negative dividend surprises.'® Time-varying subjective risk

premia implies return predictability.

Finally, note that the objective risk premium A{™ in equation (40) responds asymmetrically to
dividend surprises. Positive surprises increase m; and negative surprises decrease m;. However,
dividend surprises, regardless of their sign, increase b;, and hence A;(b;). Therefore, an econome-
trician observing ex-post dividend realizations would detect risk premia that are amplified by bad
news and dampened by good new. Figure 8 illustrates the dynamic of the risk premium A4(b;) for
a simulated random path of dividend surprises, e} = dy.1 — pt, i = A, B. The figure shows that
the risk premium increases after large positive (¢t = 20) as well as large negative (¢t = 40) surprises,
and declines gradually when dividend realizations are close to their expected value, i.e., surprises

are small in magnitude.

4 Empirical analysis

In this section, we provide evidence in support of our model predictions using a novel database
of trading activity on Euro STOXX 50 futures. Before presenting our main empirical results we

provide a brief description of the data.

¥Nagel and Xu (2022) analyze CFO survey data and find that the subjective risk premium is positively related to
subjective estimates of variance and that CFOs’ subjective return expectations strongly depend on realized variance.
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Figure 8: Risk premium on a simulated path. The figure illustrates surprises ! = d;1 — pt,
i = A, B (left axis), with the corresponding steady state equilibrium risk premium A; (right axis).
The state variable by is chosen such that 69 = \/bp/7 = 0.3. Parameters values: k = 1, ¢ and b
such that o € [0.1,0.6], r = 0.1, and v; = 7 = = = 20.

1-w
4.1 Data

Our main data source consists of Euro STOXX 50 futures transactions on the Eurex, one of the
most active futures and options markets in the world.2® The Euro STOXX 50 is the index for the
largest and most liquid stocks in the Eurozone. The sample period spans from January 2002 to
December 2020 and the data contain information on order flows of three different trader types:
agency traders, market makers, and proprietary traders. Agency traders are market participants
who trade for a client, while market makers and proprietary traders act on their own account.

Trading takes place in an electronic limit order book, and trading flows are recorded at a frequency

20This data set was also used for, e.g., the Finance Crowd Analysis Project, see https://fincap.academy and
Menkveld et al. (2023). See, e.g., Menkveld and Saru (2023) for further background information and institutional
details. We thank Deutsche Boerse for providing us these data.
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of milliseconds. In total, we have 824 million trades from the three different trader types at 188
million different timestamps. For the purpose of our analysis, we aggregate buy and sell orders
at a daily frequency Flows of market makers and agency traders show a correlation coefficient of
—0.8. Those of proprietary traders and agency traders are correlated with a coefficient of —0.86.
Therefore, in line with the Finance Crowd Analysis Project, we analyze flows as the weight changes
in agency traders’ portfolio AG*"Y = ;%Y — 0;*7“ and do not discriminate between flows

originating from trades with proprietary traders and from trades with market makers.

Two challenges arise when bringing our model to the data: (i) how to map the idealized agent
types in our model to observable classes of market participants; and (ii) how to find good empir-
ical measures of dividend surprises. To address the first challenge, we rely on the microstructure
literature that has modeled market makers as ambiguity-averse agents, arguing that ambiguity
aversion may emerge as a natural response of market makers to inventory risk and to the fear of
trading against informed traders, see, e.g., Routledge and Zin (2009), Easley and O’Hara (2010),
and Zhou (2021).2! This modelling choice is in line with experimental studies documenting that
ambiguity aversion is influenced by the perceived competence of decision makers (“competence hy-
pothesis”, see Heath and Tversky, 1991), or “by a comparison with less ambiguous events or with
more knowledgeable individuals” (“comparison hypothesis”, see Fox and Tversky, 1995). Gra-
ham et al. (2009) argue that investors who perceive themselves competent are likely to have less
parameter uncertainty about their subjective distribution of future asset returns. Menkveld and
Saru (2023) document that for low frequency trades (greater than five seconds), agency traders are
better informed than proprietary traders. To the extent that ambiguity aversion is a reaction to
missing information, this evidence indicates that for low frequency trades proprietary traders have
a stronger desire for robustness than agency traders. Hence, we use these arguments to identify
agency traders as the least ambiguity averse agents, type-B in our model. Proprietary traders and

market maker together constitute ambiguity averse agents, type-A in our model.

Because daily observations of dividends are not available, we address the second challenge by
using the volatility index VSTOXX directly and interpret changes in VSTOXX as resulting from
surprises about corporate profitability. The VSTOXX is the 30-day implied volatility calculated
from options on the Euro STOXX 50 index. As such, this measure captures general market con-
ditions and can be mapped to a measure of aggregate surprise in the market, consistent with the

learning framework of our model.

2IThese papers study the 2007-2009 financial crisis and explain “market freezes” in markets for certain credit
products with market makers’ ambiguity aversion. While our model also features non-participation by ambiguity-
averse agents, our focus is not on the micro-structure determinants of the bid-ask spread and on market freezes.
Instead, our goal is to study the sensitivity of traders’ asset flows to uncertainty shocks.
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4.2 Equilibrium flows

Our model predicts that changes in the estimated volatility induces trades between market par-
ticipants. To assess this channel empirically, at each day ¢t we sort the aggregate daily flow data
on the STOXX 50 index futures according to the change in the volatility index (AVSTOXX) from
day t — 1 to day t. Table 1 shows median values within quintile bins of volatility changes. Because

of market clearing, we have Ag*&n = — [Agrroprictary | J\gmarket maker]

Q return Afrery  VSTOXX  AVSTOXX

1 1.22 12019.00 24.75 -1.68
2 0.50 4623.00 19.18 -0.64
3 0.06 612.00 17.91 -0.09
4 -0.30 -4636.50 19.43 0.45
5 -1.38 -17224.00 25.11 1.71

Table 1: Flows and volatility. The table shows agency traders’ flows Af*¢*® on the Euro
Stoxx 50 futures, returns on the Euro Stoxx 50 and VSTOXX levels depended on changes in the
volatility index AVSTOXX. The data is from Eurex Exchange, and flow data are aggregated on a
daily frequency. Observations are grouped in quintile bins for AVSTOXX, and median values are
reported for each bin.

The results in Table 1 are consistent with our model predictions regarding equilibrium flows.
High level of surprises, captured by high levels of AVSTOXX, are associated with negative flows
from agency to proprietary traders: Proprietary traders buy and agency traders sell in response to
surprises in the market. As our model indicates, such a pattern would emerge when all traders learn
and proprietary traders have a stronger desire for robustness than agency traders.?? This evidence
is also consistent with the literature that identifies proprietary traders as liquidity providers in

times of market turmoil (see, e.g., Nagel, 2012).

Columns 2 and 3 in Table 1 show a strong and negative correlation between realized returns
of the Euro Stoxx 50 and AVSTOXX. This empirical fact is known as the “asymmetric volatility
phenomenon”.?? Given the highly negative relationship between changes in implied volatility and
contemporaneous realized returns, one may argue that the flow patterns we observe are not driven
by traders’ reaction to surprises, as our model predicts, but by reaction to returns. For example, if
agency traders follow “momentum” strategies and proprietary traders are “contrarian”, we would

observe negative agency traders’ flows following high volatility simply because high volatility is

22These findings are not due to a specific chosen time frame and/or to a specific number of bins. A Kruskal-Wallis
test shows that the median trading volumes of agency traders in the different bins are significantly different (p-value <
2.2e-16), and a post-hoc Dunn test confirms the monotonic decline of aggregated daily agency trades with increasing
volatility.

ZFor the US market, Dennis et al. (2006) estimate a negative correlation of —0.679 between returns and daily
changes in implied volatility (see, e.g, also Wu, 2001; Bekaert and Wu, 2000).
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associated with low returns. To isolate the effect of volatility and returns on flows, we analyze
flow patterns conditional on realized returns. Table 2 shows the agency traders’ flows at time
t for different levels of volatility change (by row), conditional on realized returns at time ¢ — 1
(by column). The results in Table 2 show a very robust pattern across each column. In sum,
even after conditioning for return levels, agency traders sell and proprietary traders buy when
volatility increases. We take this evidence as support of the mechanism identified by our model
where the more ambiguity averse (proprietary traders) buy from the less averse (agency traders)

when uncertainty rises.

lagged return
AVSTOXX 1 2 3 4 5

1 9686 13148 13162 19416 11159
2 -123 5263 6949 6536 7499
3 -546 -450 990  -1178 4662
4 -9827  -6904  -3071  -3918 1143
5 -22138 -18283 -18279 -18439 -11196

Table 2: Flows, volatility, and lagged returns. The table shows agency traders’ flows Ag*een
on the Euro Stoxx 50 futures depended on changes in the volatility index AVSTOXX (rows) and
lagged returns of the Euro Stoxx 50 (columns). The data is from Eurex Exchange, and flow data
are aggregated on a daily frequency. Observations are grouped in quintile bins for AVSTOXX and
lagged returns (double sort), and median values of A#*"* are reported for each combination.

4.3 Equilibrium risk premium

We conclude our empirical analysis by studying the relationship between equilibrium risk pre-
mia and trading activity. In our model, ambiguity-averse agents buy when uncertainty rises and
ambiguity-neutral agency traders sell. Because risk premia increase with uncertainty, ambiguity-
averse traders would on average earn the risk premium at the expense of ambiguity-neutral traders.
To test this prediction, we regress realized returns on lagged flows of agents and on lagged vari-
ance (VSTOXX?). We expect that higher variance at time ¢ predicts higher ¢ + 1 returns (as a
risk compensation), but that, on average, agency traders’ flows at time ¢ are associated with low
realized returns at time ¢ + 1. The results reported column (1) of Table 3 confirm this conjecture.
The coefficient of lagged agency traders’ flows is negative and highly significant. The coefficient of
VSTOXX? is positive and significant at the 5% level (Newey-West corrected).

Short-term return reversal is a natural alternative explanation for time-varying risk premia. To
assess whether low time ¢ returns predict high ¢ 4+ 1 returns, we include lagged returns as a control
variable. Column (2) in Table 3 shows that time ¢ returns have no explanatory power in explaining

t + 1 returns. This result further emphasizes our model’s prediction that time-varying variance is
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premia rather than historical returns do.?*

of first order relevance and that flows to ambiguity-averse investor groups predict a high future risk

Dependent variable:

return
(1) (2)

Constant -3.165e-04 -3.126e-04
(2.767¢-04) (2.762¢-04)
lagged return -2.615e-03
(2.378e-02)
lagged Ag=eerey -1.837e-08** -1.771e-08*
(7.966e-09) (1.027e-08)
lagged VSTOXX? 8.397e-07* 8.350e-07*
(4.712e-07) (4.670e-07)

Observations 4,833 4,833

R? 0.003 0.003

Adjusted R? 0.003 0.003

Residual Std. Error
F Statistic

0.014 (df = 4830) 0.014 (df = 4829)
7.695%* (df = 2; 4830)  5.137°* (df = 3; 4829)

Note: *p<0.1; **p<0.05; **p<0.01

Table 3: Risk premia and portfolio flows. The table shows results for Euro Stoxx 50 returns
regressed on lagged Euro Stoxx 50 returns, lagged agents’ flows Af*¢*® on Euro Stoxx 50 futures
and lagged variance VSTOXX?. The data is from Eurex Exchange, and flow data are aggregated
on a daily frequency. Standard errors are Newey-West corrected.

5 Conclusion

This study contributes to the literature on equilibrium asset prices and portfolio flows within
an overlapping-generation model by incorporating agents’ learning behavior regarding economic
fundamentals and their differential aversion to parameter uncertainty. Our analysis reveals that in
equilibrium, investors with ambiguity-averse preferences exhibit a propensity for more conservative

portfolios while displaying heightened trading activity in response to unanticipated variations in

24This result complements the findings of Nagel (2012) that VIX is a much more powerful predictor of future
returns than past returns are and of Nagel and Xu (2022) that subjective risk premia depend on investors’ risk
perception rather than following a simple anti-cyclical pattern.
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corporate profitability. Notably, our model generates subjective risk premia that increases with
uncertainty, alongside objective risk premia that are accentuated by adverse news and attenuated

by favorable news.

The core findings of our study highlight the critical role played by two key factors in the
determination of equilibrium portfolio flows and risk premia: distinctions in investors’ ambiguity
attitudes and the learning process pertaining to fundamental variance. Under scenarios where all
agents exhibit ambiguity neutrality, equilibrium portfolio flows cease to exist. Moreover, in the
context of a known variance setting, the equilibrium subjective risk premium assumes a constant
value, leading to the persistence of static portfolios for agents. Unlike the case in which variance is
known, we show that learning about variance generates return predictability that can be exploited

by forward-looking investors.

To support our theoretical framework, we conduct an empirical analysis employing flow data
on FEuro Stoxx 50 futures contracts. Our empirical results provide evidence indicating that agency
traders sell, and proprietary traders buy under increasing uncertainty. Additionally, we estab-
lish that the expected risk premium increases with uncertainty. These empirical findings provide
support for the theoretical predictions of our model, which posits that ambiguity-neutral market
participants engage in trading activities with ambiguity-averse, price-inelastic investors. Our re-
search underscores the importance of accounting for the effects of ambiguity aversion and learning

when jointly studying equilibrium asset prices and portfolio flows.
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A  Proofs

Proof of Proposition 1

The portfolio problem of agents can be written as follows

maxE {_1e—w(Wi<1+r>+ei<ci—p(1+r)> , (A1)
oi v

where expectations are taken with respect to agents prior distributions of d from (1) and (3) plus

the prior selection criterion in equation (7). Using the normality of J, the optimal portfolio weights

are:
0 iqu:P MB—pl—i—r)
oA _ { Popan ot 0P = (2(+2) (A.2)
W otherwise. Yy \O S

Imposing market clearing, we obtain that in equilibrium 64 > 0 and furthermore

1
where ,
+ (8s+ 3 (c*+5%)) if v <K, 2, 2
A= e ? with k" = fya R (A.4)
ﬁ (7 (02 + 32) 02) if kK > K*.
|

Lemma A.1. Let M (o) and M\P(0) denote the iso-portfolios of agent A and B, respectively. For
all equilibrium values \ of the risk premium in equation (A.4), we have that IN*(c)/0c < ONP /0o

Proof. Lets = o/\/n;, with n; denoting the number of observations used to compute the dividend
mean m and its standard error s. From agents’ demand for the risky asset stated in equation (8)
and the definition of the risk premium A = ﬁm — p, we derive the risk premium that agents
require for holding a fraction 6" of the risky asset (the iso-portfolio line) and its derivative with

respect to the dividend volatility o as

< + 1 - Nt + 1
M= 9y pa <”t> o2, NB — 9B <> o2, A5
=t o ol " (A.5)
8XA K A Tt +1 85\3 B[ Tt +1
= =42 - = =2 R A.
do \/7’Tt + 70 ( ng > o do 79 < Nt ) ? ( 6)
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We prove that along the equilibrium risk premium A in equation (A.4) the slope of M is flatter
than the slope of AB, i.e.,

O NP

< A AT

do do (A7)

Using expressions (A.5)—(A.6), and market clearing, #% = 1 — #4, this is equivalent to prove

1 1
\/% + 2764 <ntnt > o < 29(1- 6% (ntr:> o, (A.8)

or, rearranging,

ng + 1 ny+ 1 K
40t (=)o < 2 ( )0—. A9
(Mo < (Mo 2 (A9)
We restrict our analysis to the region where both agents are in the market, o > T;{Tlg, and

substitute equilibrium portfolios weights from equation (11) into the above inequality. This yields

oy (ML) g g VIE ) (el g (LY R (A.10)
ng (ng+1)o ng ny NG

2 (A.11)

Elk
Elks

which is true for k > 0 and n; < oo independently of o. [ |

Proof of Proposition 2

We first solve for the equilibrium in a fictitious finite-horizon overlapping-generation economy with

horizon 7, and we then derive the equilibrium in the infinite horizon as limit for 7 — co.

Let p; - be the time ¢ equilibrium price in a 7-period economy. As we see in what follows,
the equilibrium price is linear in m; independent of 7. When ambiguity-averse agents participate,
they will in equilibrium take long positions in the risky asset and the selected prior from P; which
satisfies the max-min criterion (27) is always pf' = m; — ks;. Hence, participating A-agents form
portfolios according to the belief uf = my — Ks; while Bayesian B-agents use the belief u” = m;.
For ease of notation we use E! to denote agent i’s conditional expectations at time t. The risky

asset demand 0277, 1=A,Bis

i _ Ei [Pt+1,771 +diy1] — Rpy -
b yVary [pi1,r—1 + dig1]

T >,

where we denoted by R = (1+ 7).
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Using the fact that p; g = 0 for all ¢, we can construct the equilibrium in a 7 = 1 economy. In

this economy, when both agents participate

b = E} [diy1] — Rpey  pf — Rpea
t, - ’
~Vary [dy41] o2 (n;:trl)
where )
: : nt+ . B A g
dip1 ~M Nt o? [ ——) ), with = d = my — h—. A.12
t+1 <Mt o < e >> with - fi; my and iy my— K o ( )

Imposing market clearing we have

1
Pr1 = e = A¢ 1, (A.13)
where the risk premium A is
K ¥ 9 . 11 1 (ni+1
A1 == — th = —— d = — . A.14
t,1 29t,10 + 2ft,10' , With gi1 R and fi1 R nt ( )

In a 7 = 2 period economy, agents demand is

i Ef [pe411 4 diy1] — Rpio

_ , A.15
b2 yVarg [pry1,1 + diy1] ( )

where p;1,1 is given by equation (A.13). Because

T 1
= d
Mtt1 nt+1mt+nt+1 t+15
using the predictive distribution (A.12) we obtain
B 1
Ef [pey11 +dia] = [ 1+ R my — Ay, (A.16)
Ef[pt+1 1+ dt+1] = 1+ l my — |1+ L K g _ At+1 1, (A17)
’ R Rne+1)) ’
1 > g+ 1> )

Var +d = |1+ o*, A.18
b+l = (14 g ) (P (A18)

with A¢y1,1 defined in equation (A.14). Substituting in equation (A.15) and imposing market

clearing we obtain

1 1
Pr2 = (R + R2> my — A¢ 2, (A.19)
where
K
Ao = 59120 + %ft,2027 (A.20)
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with

1

1 1 11
— 1 il
9.2 R<+Rw+n>¢m+m e
1 1 e +1 1 (ng+2
= — (1 — .
Jez R<+RW+D><n¢>+W<m+J

Following similar steps, we can show that for a generic 7 the equilibrium price is:

1
bir = Z ﬁmt —A¢rs (A.21)
i=1
where
K
At,T = 597&,7’0' + %ft,To'Q? (A22)
with

U 1 1 1
= |\ 1+— = | T—
gt ;RT“—J( nt+T—j+1;RZ> VI +T =]
o1 1 U
T = I 1 - . ey t— .
Tt ;RT“_J( +nt+7—j+1;R’> < n+7—7 )
Taking the limit as 7 — oo we obtain

o0

1 1 1
= lim g, = > — (1+ : __ A.23
9= 159 ;RJ ( r(ny -I-J)) Ve +j—1 (4.23)
<1 1 2 o+
= li , = — (1 : A.24
fo=Jim e = 2 7 () mire (824

Hence the equilibrium price in the infinite-horizon overlapping generation economy is

1

Pe= "1y — Ay, (A.25)
with
Ay = gth + ft%UQ, (A.26)

and ¢;, and f; given in equations (A.23) and (A.24), respectively.
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To determine equilibrium weights we start from the expression for the agents’ optimal asset

demand

97? _ Et [pt+1 + dt—i—l] — (1 + T)pt7 i = A, B. (A27)

yVarg [pey1 + dig1]

Direct computation using the equilibrium price in equation (A.25) yields:

1 K
EtB[ptH Fdea] = <1 + r> my — 9t+1§a - ft+1%02,
Ef [pes1 + dis1] 145 )m P P R frn Lo?
= — —_ _ Zo— 1o
t [Pt+1 t+1 , t r(nt—i—l) g 9t+12 t+12 ,
) 1 2 ng+ 1
Var; dep] = (1 2 i—AB.
ary[pry1 + dit1] < + (e + 1)) < o ) o2, i ,

Substituting these expressions in equation (A.27), we obtain the following equilibrium weights:

—1?\/%’“7 + (1 +7)g — g1l 5o+ [(L+ 1) fe — frra] F02

() ()
K}( v > 1

1
2 2y \l+r(ms+1)) o

o) =

and

(L4 7)g: — gera] 5o+ (A +7) fe — fra] 30°
3

V(1 ) ()

- 1+n T/t 1
2 2y \l+r(m+1)/) o

B Predictive distribution of the dividend when the variance is

unknonw

Agents of generation t base their belief about the dividend d;y1, on which their terminal wealth
depends, on the prior information they receive in their first period of life. This is characterized by
the state variables my, by, ny, and v;. If the precision ¢ = 1/02 has a truncated Gamma distributed

with shape parameter b and v degrees of freedom is, its density is given by

1 vi 4 _gbt vy b _ _
POl v) = o=t e R g, ¢~TG[;,;;¢,¢], 0<p<d<oo, (BI)
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with 1 the indicator function and

E vt by _% _
Cltviod) = [otevta= () 7 |r(Foy)-r(505)]  ®2

The function I'(z,y) is the upper incomplete Gamma function defined as
[e.e]
D)= [ e %o,
y
Definition B.1 (Dampened t-distribution). Let ¢ be a truncated Gamma random variable,
v v o = _
and x a conditionally Normal random variable with mean 0 and precision ¢,
x~N(0,1/9).

Then, the distribution of x is a “dampened t-distribution” with v degrees of freedom

€T~ tl?[@’ ]v

and its density is given by

VLN R SVEE. §-1e-0%
16 = e G
_ ! R R
" gV, O

1 Cw(l+ ), v+ 1;6,0)

T C(v,v;9,)

with C(-,-; ¢, @) a normalizing constant defined in equation (B.2).

Since ¢ has finite support and is especially bound away from 0, the fat tails of x are dampened.
As a consequence, its moment generating function is finite, and, thus, all its moments exist and
are finite, see Bakshi and Skoulakis (2010) for a proof. If ¢ — 0 and ¢ — 00, the distribution of x
becomes a Student-t distribution. In this limit, fat tails emerge and moments of order > v do not

exist.

Definition B.2 (Non-standardized dampened t-distribution). A random variable y has a

non-standardized dampened t-distribution with mean m, shape b, variance scale parameter v?, v

35



degrees of freedom and truncation bounds ¢, b,

Yy~ tVD[ma b, 02;?7 5]

ylo ~ N(u,v*/9),

vb - !
¢ ~ TG[2727¢’¢]’ f(¢):m

Then the random variable has a dampened Student-t distribution, as per Definition B.1, with

y—p
vy/b/v

. b b
truncation bounds at ¢ and ¢,

y— K D Q 9*
v 25.23].

Lemma B.1. Consider a subjective Normal/inverse-Gamma prior for p and o with parameters

ui, by, ng, and vy. The predictive distribution of dyy1 is then a dampened Student-t,

7’Lt—|—1 :|

dy1|paf, by, g, vy~ D [Mf;abt, [
Proof: With the given subjective prior, the predictive density of dyy; is conditionally normal

Fdirl by i) = / F(dua | pUal 1k )

_l’_
UL ot [T~ bniou—nd)? g,
oo 27 27
400 1 dt+1—nw§ 2
_ M LMl (dpg—p})? / [(ne +1)¢ *5(”%1)‘1’(#*7)
= e nt —e du
(ny +1)2 oo 27
= ) 8 2("t+1) (de1=pt)? )
(nt -+ 1

: ng+ 1
dt—&—l‘@ﬂiant ~ N<,LL%, L >
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The unconditional density of d;+1 can be determined from the conditional density by integrating

out the precision ¢.

Fdpa i, besme vi) = / F(disr |6 1 ) p( b1, o) d,

_ / ni e -3 <nt+1) (de1—pi)? 1 (ﬁ**l - zt do,
7’1t+1 (bt,l/t,gb d))
— / L-Hfl *(15 *l n2+1) (de41— I»% d
btaytagba nt+]‘ 27T/ (b’

C(bt+ oty (e — ) v+ 15,0, )
(nt + 1)2 (bt,l/t,?, QS) ’

(A — tZ |:bt¢), 1%¢] 7
nw—

|M;7 bta ng, Ut
nit+1 bt
nt 127
ng +1

dt+1|Mi,btantth ~ t vt |: bta n 7¢7¢:| .

. s

2

B.1 Expected utility when variance is unknown

In the main text we argue that the equilibrium price in an infinite horizon OLG with unknown
variance is linear in m; and, hence, when both types of generation-t agents participate, their priors
about p are characterized by ,u;fl = my — ks; and pP = my. In this section of the appendix we
show that the model actually features an equilibrium price linear in m;. The selected A-prior is

consequently at the lower bound of the confidence interval P;.

In Lemma B.1 above, we show that the distribution of d; follows a non-standardized dampened
Student-t with state variables my, by and n;. The expected utility of agents of type ¢ with u prior
i is then obtained by integration of the agents’ CARA utility of ¢ + 1 wealth over the dampened
t-density of the dividend

BV = [ BV lolpolb m)do, (B.3)

with p(¢|bs, 1) the density of the truncated Gamma distribution stated in equation (B.1). The
expected utility conditional on ¢ is calculated by integrating agents CARA utility over the condi-
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tionally normal density of the u prior

*"/9 /‘t+ez+1+Pt+1) % nt+1 (€t+1)2 .
y(14r)(Wi—0
]Et[ (Wt+1)’¢] **6 (1) (We=bpy) nt+1 / (%) dejys.
nt

(B.4)
with e}, = di1 — pf denotes agents i’s dividend surprise.
Proposition B.1. Suppose the equilibrium price p; is linear in my with
1
P = ;mt — (bt e, 1),
and let Apt = my — pt. Then expected utility of agents i is given by
. 1 3
EOOT) = s [ Bl ot et (55)
Ty Vs
B} (u(Wig1)|g, me, e, 1) = — e / Wi~ b fera 14 ddit1
¢ T TR T v\ (ny +1)27
— _lef’Y(lJrr)(Wtiprz) (175?2/ e—0(det1+pit1) o~ 3 nt+1)(dt+1 1i)? ddys1
v T Iy

s [<>H

ni @ i
(ny +t 1)27 / exp —b [( " +1> i1 — A(be1, nera, I/t+1):| }

X exp{ 2(nt+ )(€t+1) }aletJrl

err1 = dip1— Mé

biy1 = b+ (A,Ut €jy1)
Ni41

N1 = m+1

vip1 = 1+ 1

Ezxpected wutility is independent of my. In particular, for ambiguity averse agents A, the largest

possible value for Ap minimizes expected utility, thus, the selected prior is pi* = my — ksq.
Proof: Substitute the respective densities, the linear price function and the budget constraint

(25) in the agents’ CARA utility and simplify the integral. Regarding (1 + T)%mt = %mt, the

contribution of m; to p; and its contribution to p;4+1 cancel.
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The boundedness of this variance implies boundedness of the risk premium in equilibrium. This

guarantees that the equilibrium price py41 is finite, and hence the integral in equation (B.5) is well

defined.

C Information leakage and learning about mean and variance:

Technical details

In this section of the appendix we describe how information leakage is modeled, how generation
t — 1 posteriors are first affected by leakage and how they are then updated with the observed
dividend d;. Throughout the appendix we make use of basic principles of Bayesian data analysis,
see e.g., the textbook of Gelman et al. (2020).

The information set of generation ¢t — 1 about the unknown dividend mean p and the precision
¢ is given by their posteriors in equations (14) and (15). When these posteriors are handed over to
generation t, information is lost. We model information leakage in form of shocks that add noise

to these posteriors before they are updated by generation ¢ upon observation of the dividend d;.

The generation t — 1 posterior of p with n;_; (effective) observations is

\Weénﬂb(umzl)z, ,u|¢~./\f me—1, ! :
27T nt—l¢

This posterior is shocked with an additive Gaussian shock with mean 0 and variance (

1 1
w 1)711&71(75

with w € (0,1]. This shock is independent of the estimation error in p and increases the variance of

the posterior by a factor % > 1. The post leakage p-prior, which is passed to generation t is then

1 1

/~L+|¢,mt—1,nt—1 ~N (mt—l, -
wng—1

>, w € (0,1].

This noisy posterior is then updated with the information contained in the dividend d;. The

following posterior is transferred to both types of agents of generation ¢ in form of the updated
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state variables m; and ny

p(u’dt7¢7mt—lant—l) x f(d ‘N:¢)p(ﬂ+‘¢amt—lant—l7w)

~+

|-

o~ 39(di—p)? w19 o zwht—1¢(u—mi—_1)>
s 27

[\

wng_1¢
_wmd i )
(wng—1 +1)27

(wite—y + 1)~ nir+1)6(p- =Lt )

X wnyg_1+1
27
wn m. 2
N (wng—1 + 1)(f)efé(wnt_1+l)¢<u7%) |
2
_ MO e

where

1
M’dt7¢7mt—17nt—1 ~ N<mt7>7

nt¢
€t = dt*mt—l,

1
my = My—1+ —ey,

n
ng = wng_1+ 1.

To update also the ¢ prior with the ¢ dividend, we must first determine the distribution of d;

conditional of ¢.

“+o00

fdil,mi—1,m-1) = / F(delp, @)p(pt|d, my—1, ne—1)dp

—0o0

+
Y AR R PC I i L TR R L
o 271'6 27 c a
- wng—1¢ e =t (de=my1)? /+oo ./ (wni—1 + 1) l)qse_%(wnt*lﬂ)qb(“_ dtf:tt:llrlt_lfdu
(wng—1 +1)27 oo 27

1 wng—1¢ 2
wng_1¢ e—gm(dt—mpl)

(wng—1 + 1)27 ’

wng—1+1
where dt|¢>7mt_17nt_1 NN (mt—la one_1 > .

Information leakage regarding the posterior of the precision ¢ of generation £ —1 is modeled as a
multiplicative shock 1 /anil that is generalized-beta distributed (see Bakshi and Skoulakis, 2010,

equation (35)), leading to a posterior denoted ¢, that is again a Gamma distribution truncated



at the same bounds,

L b = _
¢t |br—1, 41 ~ TG [wytél,thI;qS, ¢] , 0<¢<¢< o0

Updating with d; leads to the posterior which is transferred to the agents of generation ¢ in the

form of b; and v4.

p(Blde, my—1, b1, 01,0130, 0) o< fdeld,mu—1,m1)p(dT b1, 11-1; §, D),

__wm-1d 3 o (A=)
(wng—1 +1)27

X ! B =5 LI
C(by—1,wri-1; ¢, §) -

be_1 | 1 (de—my_1)%wny_q
wry_1+1 _¢(w +=
(ﬁfﬁle 2 2 wnyg_1+1 1

x 6.6]’
1 .1 — by
—¢2 e 21 -,
C(br,vi: 6, 9) 2
_ v by —
¢|dt7bt—17mt—17nt—1ayt—l;?7¢ ~ TG 5757?7¢ 3
et = dy —my_1,
by = wbi_1q —f—wbef,
s
ng = wngq+ 1,
vy = w1+ 1.

When w < 1 and t large, the effective number of observations n; and the degrees of freedom 14

converge to the same upper limit

: . _ 1
Imn=lmuyy=n=—.
t—00 t—00 1w

We implement a desired asymptotic effective number of observations 7 by choosing

D Numerical procedure to determine the equilibrium

Both types of agents of generation ¢ know the state variables my, b, n; and v4 from the “information

processing” step. Generation-t agents anticipate that information gets lost, when information is
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transferred to generation t41. Since this generation buys the asset from generation-t agents, agents

of generation ¢ must anticipate the demand of generation-t + 1 agents and the price pyy1.

Let Ayl denote the agents i’s adjustment to m; when forming beliefs about the dividend mean,
that is Aul = my — pi. The density of the dividend d;y; under the subjective prior of agents i is
dampened t-distributed

diyr ~ tD [Mivbt,

dt+1 i [¢, ¢]
Ut

ng+1 bt
nt

The individual surprise e’ 41 1s defined relative to the subjective expectation i

TLt+1
T ’

eg—&-l - dt+1_:“i7
€ii1 . D bt b~
e ot S tut |:¢’¢ )
/ni+1 /by Vi V¢
ne Vt
While agents have subjective beliefs about the distribution of dy4+1, they agree on the way in-
formation is handed over to the next generation (including the information leakage during the
transition of information) and how the next generation will learn from observing d; ;. We express

the mechanics of updating the state variables in terms of e}

ng1 = wng + 1,
vyl = wrpt 1,
wWny 4 1 d
m = m
t+1 wnt—i—l t g+ 1 t+15
1
= my— Apy+ ——ej i,
N41 N1
1 wny 9
b = wh+-——-—-— —d
t+1 wt+2 t+1(mt 1),
ng , .9
— (Aptf — i)
N1

We assume that ¢ is large, so n; and 14 have already reached their asymptotic limit n. We conjecture
that in an economy that lasts for 7 generations the price can be written as a function of the state

variables p; = h(7)m; — A(bs, 7) and all agents agree on this functional form. For 7 — oo, we can
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write peyq as

1
Pl = ity — A(be41),
1 1
= (pm A ) - A,
1 1
e (Tmt — 7A/,Lt 6t+1> — A(bt+1)

Under this conjecture, the budget constraint becomes independent of m; and only depends on A(b;)
and A(by1).

Wi (0) = (Wi —0p)(1+7) + 0(desr + prar),
= =0 (L— 400))1+7)

1 I 1,
+ 0 <1 + T’) my — 9(1 + %A,ut) + 6 (1 + m€t+1> - QA(bH_l),
. 1 .
= (W] +0A(b)(1+7)—0 (1 - MAM;)

1
b0 (14 ek )~ 0AG).

The expected utility of agents ¢ is then

i i _ 1 _ ¢ i T %
E*(u(W1(0))) C(bi ﬁ¢ ) Js E' (u(Wiy1(0)|6,b)92" e do,
E'(u(Wi1(0))|¢,0:) =
1

- —exp {—7 [ﬂ 1) (W + A (b)) — (1 + bm&”

AT 27r/ exp w[(u ! >e§+1—A(bt+1)”

€xXp { ( + 1) €t+1 } deiﬂ
b1 = w (b + (Apg—efy1)?).

X

X

Since efgﬂ is dampened t, A(b;) > 0, and limp, 00 A(b) < 00, the expected utility is well defined.
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The marginal utility is computed as

dE'(u(Wi,(0)b) 1
do C(b, T 6,9)
® u i t) ®m bt
y LdE (th;e(a))w,b)¢2_16_¢2d¢7
dE““(Wt;;(@W’bt) ~ [(1+r)A(bt)—(1~l—:n)AM4 E (u(Wes1(8))] 6, br)

S R A )

(nf?)% /: v [<1 + ;) €yl — A(bt+1)]

<o {20 (14 %) ehor - 20|}

L np ;i 2]
X eXp{—2M€t+1 }d€t+1,
bo1 = wlb+ (App—efq)?)

We determine the function A(b;) as a fixed point via value function iteration. When both agents

invest at a given b;, they take A(b;) as given and optimize their holding 6! via the first-order

d%;(ft ) — (. The equilibrium risk premium A(b;) satisfies market clearing, 68 (bt)+9‘4(bt) =

condition

1.

E Learning about variance vs. stochastic volatility

One might be tempted to argue that a model in which subjective variance is endogenously time-
varying due to learning, as in the model of Section 3, is observationally equivalent to a model with
observable stochastic volatility. Although both models exhibit time-variation in volatility, they
have starkly different implication for equilibrium flows. In fact, in a model with learning, a revision
in the estimated variance following a new dividend observation can both increase or decrease the
standard error of the mean. This is because a change in the estimated variance implies a change
in the perceived information quality of all historically observed dividends. In contrast, in a model
with stochastic volatility, any new dividend observation can only reduce the standard error of the
mean and hence its confidence interval. Because variance is known, albeit time-varying, a change
in variance cannot affect the quality of past information. Therefore, in the limit with known and
stochastic volatility the confidence interval of the mean collapses to a singleton and the effect of

ambiguity on portfolio flows vanishes.
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To illustrate this point, suppose the dividend process d; is iid with unknown and constant mean
p and time-varying but observable variance 2. In this setting, the Generalized Least Square (GLS)

estimate of the mean m; from a history of ¢ observations is (see, e.g., Chapter 9 in Greene, 2020)

t
my = Z’widi, with w; = -t 1 (El)
=1 Zi:l UTZ

Q=

where the weight w; represents the precision of each observation and s? = (25:1 %) the squared

standard error of the mean.2?

At time t 4+ 1, the updated values of the mean and standard error, after observing the new

realized dividend d;y, and variance atz "1, are

1

2
Oty1 St
miy1 = (1 —wip)me +weprdepr,  win = 5 FRp S g (E.2)
5% Ut2+1 t t+1
1 1 1
- = 5+ (E.3)
s 2 o
1 ¢ 1

Equation (E.3) shows that with stochastic but known variance, the updated standard error s;;1
does not depend on the new dividend realization d;y; and that s;11 < s;. Hence, new observations
can only reduce the standard error of the mean. Because the standard error controls the size of
the set of priors P! = [m — ks, m + ks in equation (E.3), in a model with stochastic volatility
a new dividend observation always reduces ambiguity. Dividends d;1q observed in times of high
volatility o441 receive a tiny weight w;11 in the updated mean m;; and only marginally reduce

the standard error s;y1.

%Because dividend realizations are independent, the variance of m; is given by

‘ 1 g 1)? 1
2 2 2
sy = var(mg) = E wi var(d;) = | =——— E (—) oi | = —=—-
i=1 V2 22:1 712 i=1 0-12 E::l 12

< o
i i
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