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Abstract

How does the amount of external funding required by a firm affect its optimal
financing contract? We consider a canonical moral hazard model with entrepreneurial
risk aversion. For small financing needs, the optimal contract pays the entrepreneur
first, and levered equity financing dominates unlevered equity and debt. Moreover,
among these contracts, only levered equity is approximately optimal. With debt fi-
nancing, the entrepreneur bears the firm’s entire risk; while this maximizes effort
incentives, this benefit is second-order if the amount raised is small. However, when
financing needs are sufficiently large, levered equity financing is dominated by unlev-
ered equity and debt, and the optimal contract involves debt financing. These results
rationalize levered equity financing for small investments, as in early-stage start-ups,

and debt financing for larger investments.
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1 Introduction

How should a firm raise external financing? The canonical principal-agent model high-
lights a fundamental tension[T] Giving investors a claim that is insensitive to output main-
tains the entrepreneur’s incentives to exert effort. However, giving them an output-sensitive
claim improves risk sharing. This trade-off is central to the choice between debt and eq-
uity: debt leaves the entrepreneur as the residual claimant at high outputs, strengthening
incentives, while equity shares more risk with investors.

Empirically, financing choices vary substantially over the life cycle of a firm. Young firms
rely heavily on debt: Robb and Robinson (2014) find that external debt, particularly bank
borrowing, is a major source of financing for firms in their first year. Firms obtain greater
access to outside equity as they grow and mature (Berger and Udell, 1998), and equity
issuance is pervasive among established public firms rather than merely an instrument of
last resort (Fama and French, 2005).

However, these patterns could arise either from the size of the firm or the size of the
financing need. This paper studies how the firm’s choice of financing depends on the amount
of financing raised, holding constant the firm’s technology. We consider a risk-averse en-
trepreneur who requires external financing for a project and raises it from a risk-neutral
investor. Project output depends on the entrepreneur’s unobservable effort, and both par-
ties are protected by limited liability. Our first insight is that, when the financing need is
small, the resulting adjustment in effort has only a second-order effect on the entrepreneur’s
expected utility. Because the entrepreneur chooses effort optimally, his objective is locally
insensitive to changes in effort. Since limited liability precludes payments that are neg-
ative or exceed the total output, the entrepreneur remains close to the residual claimant
and his effort remains close to the level he would choose without external financing. As a
result, for small financing needs, risk sharing rather than effort incentives is the first-order
consideration.

This observation leads to a general characterization of the optimal contract. When
the financing need is sufficiently small, the investor receives zero at low outputs, so the
entrepreneur retains the entire output in these states. Thus, the entrepreneur is paid first:
he holds the senior claim, while the investor holds a junior claim. This result is surprising
from an incentive perspective. High-output states are more informative about effort, so

incentives would be stronger if the entrepreneur were paid primarily in those states. Risk

'Moral hazard is widely viewed as a central friction behind financing choices: Tirole (2006) argues that
“the premise behind modern corporate finance ... is that corporate insiders need not act in the best interests

of the providers of the funds.”



sharing points in the opposite direction: because the entrepreneur is risk averse, he values
output most in low-output states, where his marginal utility is highest. Since the value
effect of the effort adjustment is only second order when the financing need is small, risk
sharing dominates and the optimal contract pays the entrepreneur first. Importantly, the
zero payment at low outputs is exact, rather than merely converging to zero as the financing
need approaches zero.

We next compare three standard financing contracts: levered equity, unlevered equity,
and debt. When the financing need is small, levered equity Pareto dominates unlevered
equity, which in turn Pareto dominates debt. The ranking is driven by risk sharing, whose
benefits are first order, while the value effects of differences in effort are only second order.
Levered equity pays the investor only when output is high, when the risk-averse entrepreneur
values additional income least. Debt does the opposite: it pays the investor first and leaves
the entrepreneur exposed to the riskier residual claim. Unlevered equity lies between these
two extremes.

Beyond being the best among these three securities, levered equity is approximately
optimal among all contracts satisfying limited liability. Its loss relative to the optimal
contract is second order in the financing need, whereas the losses from unlevered equity and
debt are first order. Thus, when the financing need is small, levered equity comes close
to the optimal financing contract, while unlevered equity and debt do not. More broadly,
our analysis provides a way to assess the importance of restrictions on the contracts being
considered. For theorists, it shows how much is lost by focusing on a particular class of
contracts rather than taking an optimal contracting approach. For practitioners, it shows
how much is lost by using familiar contracts rather than the theoretical optimum. In our
setting, restricting attention to levered equity is nearly costless when financing needs are
small, while restricting attention to unlevered equity or debt is not.

These findings have broader implications for external finance. First, when financing
needs are small, the agency cost of moral hazard is negligible relative to the amount raised, so
moral hazard has little effect on whether worthwhile projects can obtain financing. Second,
external finance can be preferable even for an entrepreneur wealthy enough to self-finance.
Although self-financing preserves his incentives, it forces him to bear all of the project’s
risk; external finance improves risk sharing, and this benefit outweighs the small incentive
cost. Indeed, levered equity itself strictly dominates self-financing.

To highlight the importance of small financing needs for our results, we next consider
large financing needs. Under an additional monotonicity condition, the priority structure
reverses at the financing limit — the largest amount that can be raised. Raising as much

as possible requires preserving the entrepreneur’s incentives, so his compensation is concen-



trated in high-output states, where it is most effective at encouraging effort. The investor
therefore receives the entire output when output is low, while the entrepreneur is rewarded
when output is high. Thus, the investor is now paid first: she holds a senior, debt-like
claim, while the entrepreneur holds a junior, equity-like claim. This is the mirror image of
the small-financing result, where risk sharing dominates and the entrepreneur is paid first.

The ranking of the three standard securities also changes. When the financing need
approaches the maximum amount that levered equity can support, levered equity provides
very weak incentives because the entrepreneur’s payoff barely responds to high output. Debt
and unlevered equity preserve greater exposure to high-output states and therefore stronger
incentives. Under the conditions of our result, both therefore dominate levered equity for
financing needs sufficiently close to this boundary.

Our results highlight how the balance between risk sharing and incentives changes with
the amount of financing required. Innes (1990) obtains debt when the entrepreneur is risk
neutral, so risk sharing is irrelevant and the contract is designed to provide incentives.
With a risk-averse entrepreneur, risk sharing becomes important. When financing needs are
small, risk sharing dominates the incentive effect, so the entrepreneur is paid first and levered
equity is approximately optimal; at the financing limit, incentive provision dominates and
debt-like priority reemerges.

Taken together, our results predict equity-like financing when financing needs are small
and debt-like priority at the financing limit. This runs counter to the broad empirical
pattern in which young firms rely heavily on debt while established firms make greater use
of outside equity. Because our model varies financing needs while holding other project
characteristics fixed, this is not a direct empirical test. Instead, it shows that the canonical
moral-hazard mechanism pushes financing choices in the opposite direction, suggesting an
important role for other frictions such as collateral constraints or asymmetric information.

Other frictions can also generate equity financing. Models of asymmetric information
predict equity when investors have superior information about firm value or growth oppor-
tunities, or incentives to acquire such information (Boot and Thakor (1993), Fulghieri and
Lukin (2001), Axelson (2007), Fulghieri, Garcia, and Hackbarth (2020)). Such mechanisms
may be less applicable to some of the small-financing settings that motivate our analysis.
Angel investors, for example, may be relatively unsophisticated and conduct limited due
diligence (Edelman, Manolova, and Brush (2017), Nanda and Phillips (2023), Denes et al.
(2023), Huang et al. (2023), Yimfor (2025)). Our mechanism instead requires no infor-
mational advantage on the part of investors: equity-like financing arises from risk sharing
between a risk-averse entrepreneur and a risk-neutral investor.

Our paper is also related to research showing when optimal contracts under moral haz-
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ard depart from debt. Equity components can arise when the entrepreneur or investor is
ambiguity averse (Lee and Rajan (2020), Malenko and Tsoy (2023)).

The small-financing regime that drives many of these results is economically important
in practice. Many start-ups require little external funding at early stages, and technological
change has reduced these needs further. Ewens et al. (2018) show that cloud computing
allowed entrepreneurs to replace large fixed investments in hardware with variable cloud
expenses; Nanda and Phillips (2023) argue that this enabled entrepreneurs to start firms
with substantially less capital. Small financing needs are also common among micro, small,
and medium enterprises in developing countries: the average financing amount reported in
the IFC’s MSME Finance Gap study is $22,840, while the average loan on Kiva is below
$1,000.

2 The Model

We consider a canonical principal-agent problem. A risk-averse entrepreneur requires an
amount I > 0 of financing for a risky project and raises it from an investor. Because the
investor holds a large, well-diversified portfolio, she is risk neutral. The output from the
project is ¢ € [0, q] and depends on the entrepreneur’s unobservable effort e € [0,e]. As is
standard, effort entails any action that improves output but is costly to the entrepreneur,
such as working rather than shirking, choosing projects that generate cash flows rather than
private benefits, or not extracting rents.

Conditional on effort, output is distributed according to a strictly positive density

f(qle) >0 Vg, e.

We assume that the density is continuously differentiable in ¢, twice continuously differen-
tiable in e, and satisfies the monotone likelihood ratio property (MLRP)E]

felqle)
f(qle)

The entrepreneur has outside wealth W > 0. He is risk averse, with a thrice continuously

is strictly increasing in q.

differentiable, strictly increasing, and strictly concave utility function u(-). His effort cost
function C(+) is strictly increasing and twice continuously differentiable. Without loss of

generality, we normalize C'(0) = 0. To ensure that the first-order approach holds, we assume

2Since f is strictly positive and is continuous on a compact set, there exists 6 > 0 such that f(q|e) >

for all g, e.



that the cost of effort is sufficiently convex:
W' (W)K, < C"(e) forall ec]0,e, (1)

where K, := fg g max {%(qk), O} dq. We also assume that the marginal cost of effort is
high enough at the highest effort level:

C'@) > (I +7) = (7)) mx [ max(fu(ale), O} ©)

which simplifies the proofs by ruling out corner solutions at e.
We use as our benchmark the effort chosen when no external financing is required and

the entrepreneur retains the entire output:
q —
e* € arg max / w(W +q) f(qle)dg — Cle).
0

e€[0,e]

As will be shown in Lemma [1| below, e* is unique. We assume it is interior: e* € (O,E)H
A contract is a Borel-measurable function s : [0,q] — R, specifying the investor’s
payment for each output. The entrepreneur retains the residual ¢ — s(q). Let Sy denote

the space of contracts satisfying bilateral limited liability:
0<s(q)<q Vg (3)

For any given contract s, the entrepreneur’s expected utility is

q —
Us.e) = [ (¥ +a- 5(@)) flale)da - C(e)
0
The entrepreneur chooses effort to maximize his expected utility:

e(s) € arg max Uf(s,e). (4)

e€(0,e]

Let O denote the contract that always repays investors zero: s(q) = 0. By construction,
e(0) = e*.

The investor’s expected payment given contract s is

I(s) := / " s(a)f(ale(s))da.

3Given the assumption in equation (2)), a sufficient condition is C’(0) = 0. It is straightforward to
generalize our results to the case in which in which the zero-financing benchmark is attained at the upper
effort boundary: e* = é. If instead the lowest effort is first-best optimal, e* = 0, there is no incentive

problem to start with.



In a competitive capital market, II(s) is pinned down by the zero-profit condition, so it
equals the amount of funds I provided to the entrepreneur. If the investor has bargaining
power, II(s) may also incorporate an additional markup.

As mentioned above, implies the validity of the first-order approach. Lemma states

this result formally:
Lemma 1 (First-order approach). For any s € S, U(s, ) is strictly concave in e.

Lemma (1] also implies that the entrepreneur’s effort e(s) is unique for every contract

satisfying limited liability.

3 Small Financing Needs

We first establish a uniform bound on the effort distortion. When the investor’s expected
payment is small, the entrepreneur’s effort remains close to the zero-financing benchmark,

and the resulting cost of the adjustment in effort is second order.

Lemma 2 (Effort distortion is second order). There ewist constants I, K, Ky > 0 such
that, for every I € (0,1) and every s € Sy with 1I(s) = I, the optimal effort is interior,
0<e(s)<e, and

le(s) — e[ < Kul, ()
0<U(s,e(s)) —U(s,e*) < KoI% (6)

Inequality bounds the change in effort, relative to I = 0, by a first-order term in
I. Inequality @ bounds the resulting gain from reoptimizing effort, relative to holding
effort fixed at e*, by a second-order term. This allows us to decompose the change in the
entrepreneur’s value relative to the zero-financing benchmark into a direct effect of the
contract, holding effort fixed, and an indirect effect through the entrepreneur’s adjustment
of effort:

U(0,e") — Ul(s,e(s)) =U(0,e*) = U(s,e*) — (U(s,e(s)) — U(s,e*))l.

O(12)

The last term is second order. Thus, although effort itself may respond at the first order,
the contribution of that response to the entrepreneur’s value is only second order.

It is not automatic that small I will have similar effects to the case of I = 0. A small
expected payment to the investor need not imply small payments in every state: a contract

could give the investor a large payment for some output realizations and a negative payment



for others, potentially having a significant effect on the entrepreneur’s effort incentives. The
key to our result is limited liability. Because the investor’s payment cannot be negative,
large positive payments cannot be offset by negative payments in other states. Thus, when
her expected payment is small, she cannot receive large payments in many states. As a
result, there is little change to the entrepreneur’s stake in output, and therefore on his effort
incentives.ﬁ] The entrepreneur then chooses effort optimally under the contract. At the
optimum, his objective is locally insensitive to effort. By the envelope theorem, the small

adjustment in effort therefore has an even smaller effect on his value.

3.1 Levered Equity, Unlevered Equity, and Debt

In this subsection, we compare three classes of contracts often used in practice.

e A levered-equity contract is indexed by a threshold D, € [0, ¢] and pays the investor
se(q) = max{q — D;,0}. The investor receives zero for outputs below D, and the

residual ¢ — D, for outputs above D,.

e An unlevered-equity contract is indexed by an equity share o € [0, 1] and pays the

investor s,(q) = aq. The investor receives a fraction « of output in every state.

e A debt contract is indexed by a face value Dy € [0, g] and pays the investor s,(q) =

min{q, Dy}. The investor receives total output if it falls short of D, and D, otherwise.

All three contracts belong to Sp. To compare them at a common financing need, we
first establish that each family contains a unique contract that gives the investor an expected

payment of I. The following lemma establishes this result for sufficiently small I.

Lemma 3 (Existence and uniqueness of break-even parameters). There exists I > 0 such

that, for every I € (0,1), there exist unique parameters D! € (0,3), of € (0,1), and

D! e (0,q) such that
I I
11 (Sff) — I (sg’> — 1 <s§’d> ~ 1.

Moreover, limr g D} = @, limrjga! =0, and limpy D} = 0.

4Without the investor’s limited-liability constraint s(q) > 0, this conclusion can fail. For sufficiently
small I, let

q
c= /O qf(ql0)dg — I

and consider s(q) = ¢ — ¢. The entrepreneur then retains the constant payoff ¢, chooses zero effort, and the

investor receives expected payment I. Thus, the effort distortion need not vanish as I | 0.



— I
For every I € (0,1), let s := )%, s] := s°'

u u

D) .
and s} := s, . By construction,

s =1,  je{tu,d}.

J

Define the entrepreneur’s value under contract s as:
V(s) :=U(s,e(s)).

We now show that, when [ is small, levered equity Pareto dominates unlevered equity, which

in turn Pareto dominates debt.

Theorem 1 (Pareto ranking for small financing needs). There exists I > 0 such that for
every I € (0,1),
V(sp) > V(sl) > V(sh).

By construction, the three contracts provide the same expected payoff to the risk-neutral
investor. As a result, the entrepreneur’s utility ranking also gives a Pareto ranking.

For small financing needs, the value effect of the contracts’ different effort responses is
only second order. Their first-order ranking is consequently determined by risk sharing.
The entrepreneur’s marginal utility is highest in low-output states, so he prefers to retain
output in those states and transfer output to the investor in high-output states. Levered
equity does exactly this: the investor is paid only from the upper tail of output, leaving
the entrepreneur a capped claim. Debt does the opposite, giving the investor the senior,
relatively safe claim and leaving the entrepreneur exposed to the volatile residual. Unlevered
equity lies between these two extremes: it transfers the same fraction of output to the
investor in every state, rather than concentrating her payment in either the upper or lower
tail. Hence, for sufficiently small I, levered equity Pareto dominates unlevered equity, which

in turn Pareto dominates debt.

3.2 Approximate Optimality

Theorem (1| ranks the three standard securities, but it does not reveal how close any of
them comes to the optimal contract. The second-best contract maximizes the entrepreneur’s
utility while giving an expected payment of I to the investor. The entrepreneur’s utility in
the second-best optimal contract equals:

V* = sup {V(s): l(s) =1}. (7)

SESLL

We now measure each security’s utility loss relative to the optimal value V* defined above.



Theorem 2 (Approximate optimality of levered equity). There exist constants I,r, K > 0
such that for every I € (0,1),
0<V*=V(sy) <KI* and min{V*—=V(sl), V*=V(s))} > rl.

u

Theorem [2] strengthens the pairwise ranking in Theorem [} Levered equity is not only
the best of these three standard securities: it attains approximately the entire utility that
can be attained by any limited liability contract. By contrast, unlevered equity and debt
incur first-order losses.

With levered equity financing, the entrepreneur gets all the firm’s output in low-output
states. Holding effort fixed, this is the least costly way to transfer an expected payment to
the investor under limited liability: it concentrates her claim in high-output states, where
the entrepreneur’s marginal utility is lowest, while leaving him the entire output in low
states, where marginal utility is highest. The investor’s limited-liability constraint prevents
her from providing full insurance by making payments to the entrepreneur in the worst
states.

The remaining question is whether allowing effort to respond to the contract overturns
this risk-sharing advantage. When [ is small, it does not: the resulting effect on the
entrepreneur’s value is only second order. Its risk-sharing advantage therefore survives the
endogenous effort response, yielding only a second-order loss relative to the optimal contract.
Unlevered equity and debt, by contrast, lead to inefficient risk sharing. Both require the
entrepreneur to surrender output in states in which his marginal utility is higher, generating
a first-order loss that cannot be offset by the second-order value effects of their different
effort responses.

The conclusions from Theorem [2] automatically hold on any subclass of contracts satis-
fying limited liability that includes levered equity. For example, they hold if one imposes

under additional monotonicity conditions (see Section [4)).

3.3 Agency Costs and Self-Financing

We have so far asked which financing contract maximises the entrepreneur’s value when
effort is unobservable. We now ask a different question: how costly is moral hazard itself?
The optimal value V* studied above is the second-best value where effort is unobservable
and has to be induced by the contract. At the first best, effort is contractible and can
be chosen jointly with the financing contract. The difference between the first-best and

second-best values measures the agency cost of moral hazard.
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This comparison matters because moral hazard can prevent external financing even when
a project is worth undertaking. A project may generate sufficient value at the first best, yet
leave the entrepreneur below his reservation utility once the incentive cost of unobservable
effort is taken into account. The magnitude of the agency cost therefore determines the
wedge between the projects that are efficient and the projects that can be financed.

Formally, in the first-best benchmark, the contract can specify the entrepreneur’s effort.

The entrepreneur’s first-best expected utility is:

yiB .= sup{U(s,e) :s €S8, e€0,¢, /Oqs(q)f(q\e)dq = I}.

Proposition (1| states that, when the financing need is small, the agency cost of moral hazard

is second order in the amount of financing required.

Proposition 1 (Agency cost is second order). There exist constants T,R’ > 0 such that
VEB _y* < K2 for every I € (0,1). In particular, the agency cost is negligible relative to
the financing need:

VFB_ *
el S

lim
N0

Let V denote the entrepreneur’s reservation utility. A project requiring financing [ is
worth undertaking at the first best if VFZ >V, and it can be financed under moral hazard

if V* > V. Proposition (1] therefore implies that every project satisfying
VIB >V 4 KT
can be financed externally. Only projects whose first-best value lies in the interval
V.V + KPP

may be worth undertaking yet unfinanceable. Thus, for small financing needs, moral hazard
can prevent financing only for projects whose first-best surplus is itself of second order.

The result distinguishes the cost of external finance from the agency cost of moral hazard.
In both the first best and the second best, the entrepreneur must give the investor a claim
with expected payment I. The resulting risk-sharing cost is therefore present even when
effort is contractible and there are no agency costs.

At the first best, levered equity is exactly optimal because it minimizes the risk-sharing
cost of giving the investor her required payment. When effort is unobservable, levered equity
remains approximately optimal, and the value effect of the resulting effort adjustment is
only second order. The inability to specify effort therefore creates only a second-order gap

between the first-best and second-best values.
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Even though the agency cost of moral hazard is second order, the Modigliani and Miller
(1958) capital structure irrelevance theorem is still violated. The reason is that the small
agency cost is achieved by choosing the optimal financing contract. Levered equity is ex-
actly optimal at the first best when effort is contractible (see Proposition [5| in the Online
Appendix) and approximately optimal when effort is unobservable (Theorem . Thus, the
inability to contract on effort generates a second-order loss only when the financing contract
is chosen optimally. Capital structure itself nevertheless remains important. If unlevered
equity or debt are instead used, Theorem [2| shows that first-order losses arise even when [ is
small. Hence, moral hazard is approximately costless under the optimal capital structure,
but choosing the optimal capital structure remains first-order.

The first-best /second-best comparison holds external financing fixed and asks how much
is lost because effort cannot be specified in the contract. We end this section with a different
question: if the entrepreneur has sufficient wealth to contribute I himself, should he use
external finance at all? Self-financing eliminates the moral-hazard distortion, but it also

prevents the entrepreneur from sharing project risk with the risk-neutral investorﬂ

Corollary 1 (External finance dominates self-financing). If u is C® on a neighborhood of
W, W +7q|, there exists I > 0 such that for every I € (0,1), the entreprencur is strictly

better off under optimal external financing than under self-financing.

Corollary [1| establishes that optimal external financing strictly dominates self-financing.
Combined with Theorem [2] it also implies that levered equity itself strictly dominates self-
financing for sufficiently small .

Intuition might suggest the opposite. Self-financing allows the entrepreneur to remain the
residual claimant on project output, thereby avoiding the moral-hazard distortion created
by external finance. One might therefore expect an entrepreneur with sufficient wealth to
finance the project himself. However, self-financing also requires the risk-averse entrepreneur
to bear all of the project’s output risk. External finance allows him instead to sell a claim
concentrated in high-output states to a risk-neutral investor, thereby improving risk sharing.
When [ is small, this risk-sharing benefit is first order, whereas the value loss from weakened
effort incentives is only second order. The benefit therefore outweighs the cost, and the
entrepreneur is strictly better off using external finance.

Together, Theorem [I] and Corollary [I] invert the conventional pecking order for small

financing needs. External equity, normally viewed as a financing instrument of last resort

®The assumption that u is three times continuously differentiable on a neighborhood of [W, W + gl

ensures that self-financing a small project is well-defined — we consider this hypothetical case in Corollary

U
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(Myers and Majluf, 1984), is the entrepreneur’s first choice, preferred to both debt and
self-financing. The next section examines whether the priority structure of the optimal
contract and the ranking of the three standard securities continue to hold as the financing

need becomes large.

3.4 Optimal Contracts

We now characterize a feature shared by every optimal contract: which party is paid first
when output is low. Let s} denote a second-best optimal contract, which can be shown to
exist. Proposition [2| studies whether the entrepreneur or investor is paid first, i.e. receives

a positive payoff when output is low.

Proposition 2 (Entrepreneur is paid first when [ is small). For every qo < G there exists

1(qo) > 0 such that, for every I € (0,1(qo)) and every optimal contract,
si(q) =0 for Lebesgue almost every q € [0, qo).

Proposition [2| states that, for sufficiently small I, the optimal contract is such that the
investor’s payoff is zero when output is below a threshold — equivalently, the entrepreneur’s
payoff below the threshold is q. Thus, the entrepreneur is paid first. This result is surprising
from an incentive perspective. Under MLRP, high-output states are more informative about
effort, so incentives would be stronger if the entrepreneur were paid primarily in those
states rather than at low outputs. However, as Lemma [2| established, when the financing
need is small, differences in effort across contracts have only a second-order effect on the
entrepreneur’s value. Risk sharing is therefore the first-order consideration. Because the
entrepreneur is risk averse, it is optimal for him to retain output in low-output states,
where his marginal utility is highest, and to give the risk-neutral investor a claim on higher
outputs. This is why the optimal contract pays the entrepreneur first.

The small financing need is also important for implementing this risk-sharing improve-
ment. Given that the investor’s overall claim is small, there are higher-output states in
which her payment can be increased without violating the entrepreneur’s limited liability.
Thus, if the investor were paid in low-output states, her claim could be shifted from these
states to higher-output states while keeping her expected payment unchanged. The result-
ing risk-sharing gain is first order, while the effect through effort is only second order. Such
a reallocation therefore increases the entrepreneur’s value when [ is small, so an optimal
contract cannot pay the investor at low outputs.

This conclusion is exact, not merely asymptotic. For every gy < g, once the financing

need is sufficiently small, every optimal contract pays the investor zero for almost every

13



output in [0, go]. The investor’s payment does not merely converge to zero in these states

as I | 0; it is exactly zero for each sufficiently small positive [.

4 Large Financing Needs

Section [3| delivers two central conclusions. First, among the three standard securities,
levered equity dominates unlevered equity, which in turn dominates debt, and levered equity
is approximately optimal. Second, every optimal contract pays the entrepreneur first: the
investor receives zero in low-output states. To highlight the role of a small I in delivering the
above results, we now turn to the case of large financing needs. We study two complementary
large-financing benchmarks. First, we compare the three standard securities for financing
needs close to levered equity’s own financing capacity, denoted below by . Second, we
characterize the optimal contract at the financing limit, defined as the largest amount that
can be raised over the admissible contract space. These two exercises respectively address
the ranking of standard securities and the shape of the unrestricted optimal contract.

Unlike in the small-7 case, the investor’s expected payment need not be monotone in
the debt face value or the unlevered-equity share. A given financing need may therefore
be supported by more than one parameter. We select the smallest break-even parameter.
Among contracts that give the investor the same expected payment, this choice leaves the

entrepreneur weakly more output in every state and is therefore Pareto dominant. Let

fi = /Oq qf(q|0)dgq

denote expected output at zero effort. Under levered equity, setting D, = 0 gives the
investor the entire output, leaves the entrepreneur with no project payoff, and therefore
induces zero effort; the investor then receives i. We study financing needs approaching this
benchmark from below.

To compare all three securities near [i, we require two conditions. The first ensures the
investor’s expected payment under levered equity decreases monotonically with Dy, so its
maximum financing capacity is fi. Differentiating I1(s,) using the entrepreneur’s first-order
condition, which is valid by Lemma [I} yields the following sufficient condition for II(s,) to

be strictly decreasing in Dj:

(7 + Dy) Dq fulale)dq / (¢~ Do) fulale)dg

D,

) q Fale)q (C’"(G) _ /q U(W + min{q, Dg})fee(q|e)dq) (8)

Dy 0
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The two sides of condition |8 capture the opposing effects of increasing D, on the investor’s
expected payment. The left-hand side (LHS) captures the positive indirect effect: a higher
D, gives the entrepreneur a larger stake in output, which may induce greater effort and
thereby increase the investor’s expected payment. The right-hand side (RHS) captures
the negative direct effect, adjusted for the curvature of the entrepreneur’s effort problem:
holding effort fixed, a higher D, reduces the investor’s claim. The condition requires the
latter effect to dominate the former. Thus, increasing D, lowers the investor’s expected
payment.

Second, we require debt and unlevered equity each to have financing capacity strictly
greater than . This ensures that both securities remain feasible at I = i while leaving the

entrepreneur a positive stake in output. Let

denote the likelihood ratio, and let covariance below be taken under the output distribution

f(q|0). Lemma |4/ in the Online Appendix shows that debt and unlevered equity can each
generate pledgeable income strictly greater than g if C’(0) = 0and:

— L(q|O
W () cov g, L{gl0) min £(gi0), LI e ©
[
Given C'(0) = 0, condition (9) is automatically satisfied when C”(0) = 0.
Proposition |3|shows that levered equity, which is the best of the three standard securities
and approximately optimal for small financing needs, becomes strictly dominated when the

financing need is large.

Proposition 3 (Levered equity is dominated at large I). If C'(0) = 0 and the conditions
m (@ and (@ are satisfied, then there exists I < i such that for every I € (I, 1),

V(sq) > V(sp) and V(sy) > V().

When the financing need is large, effort incentives become a primary consideration. As
I approaches i under levered equity, the threshold D, approaches zero. The entrepreneur’s
retained claim min {q, D} is then flat over almost the entire output range and varies only
in very low-output states. It therefore provides little incentive to increase the probability of
high output. In the limit, the entrepreneur receives no project payoff, chooses zero effort,
and obtains utility u (W)

Debt and unlevered equity allocate the entrepreneur’s remaining stake differently. Under

debt, he retains the upper-tail residual max {q¢ — Dy, 0}; under unlevered equity, he retains
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the fraction (1 — «)¢q. Both claims continue to reward high output, where the likelihood
ratio is greatest, and therefore preserve effort incentives more effectively. Under the stated
conditions, each can give the investor i while leaving the entrepreneur a strictly positive
payoff in some states. Hence, both debt and unlevered equity dominate levered equity for
financing needs sufficiently close to ji. The proposition does not rank debt against unlevered
equity; it establishes that levered equity falls below both.

We now determine whether the priority structure of the optimal contract changes at the
financing limit. The small-financing results required only limited liability. To characterize
the contract at the financing limit, we additionally impose bilateral monotonicity. This
requires both the investor’s payment s (¢) and the entrepreneur’s retained output ¢ — s (q)

to be nondecreasing in output:

0 < s(q2) —s(q1) < q—q for all ¢ < ga.

The restriction captures the natural requirement that neither party becomes worse off when
realized output increases, otherwise it would “burn” output. Let S,, C Sr;, denote the set of
contracts satisfying limited liability and bilateral monotonicity, which includes levered
equity, unlevered equity, and debt.

Consider the program:

q
max[()’e]/o s(q)f(qle)dq s.t. (). (10)

SESm, eE

Let s and é denote solutions to this program.ﬂ Thus, this program considers the opposite
case of a very high financing need, so the entrepreneur needs to give as much of the output
as possible to the investor. Proposition [4| characterises the priority structure of an optimal
contract at the financing limit.

A natural approach would be to solve the optimal-contract problem for I close to the
largest feasible financing amount. However, this upper bound is itself endogenous: the
amount that can be pledged depends on the effort induced by the contract. Giving the
investor more output can increase her payment directly but may also weaken effort and
reduce expected output.

We therefore consider the dual problem of choosing the contract that maximizes the

investor’s expected payment subject to incentive compatibility. Its value identifies the fi-

6Under bilateral monotonicity, the payoffs must satisfy w(0) = 0 and 0 < w(q) < 1, so the set of
admissible payoffs is compact in the sup norm by the Arzela-Ascoli theorem. By Lemmal[I]and the maximum
theorem, the effort induced is unique and continuous in w(-), so the investor’s expected payoff is a continuous

function of w(-), and the Weierstrass theorem applies, which guarantees existence of a solution.
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nancing limit, and its solution describes the contract used when the entrepreneur must

pledge as much output as possible.

Proposition 4 (Investor is paid first at the financing limit). There exists ¢ > 0 such that
s(q) = q for all ¢ < ¢.

At the financing limit, the investor receives as much of the project’s output as possible
while the contract still provides the entrepreneur with incentives to exert effort. Under
MLRP, compensation paid to the entrepreneur in high-output states is particularly effective
at providing incentives, because those states have the highest likelihood ratios. His limited
compensation should therefore be concentrated in such states.

Consequently, the entrepreneur’s limited-liability constraint binds at low outputs: he
receives zero and the investor receives the entire output. The entrepreneur holds a junior,
equity-like claim, while the investor holds a senior, debt-like claim. This is the mirror image
of the small-I result. When the financing need is small, risk sharing dominates and the
investor’s limited-liability constraint binds in low-output states. At the financing limit,
incentive provision dominates and the entrepreneur’s limited-liability constraint binds in
those states.

The small- and large-financing results reveal a reversal in the determinants of security
design. When the financing need is small, the entrepreneur remains close to the residual
claimant, so effort adjustments have only a second-order value effect and risk sharing is
the first-order concern: the entrepreneur is paid first, and levered equity is approximately
optimal.

At the financing limit, incentive provision becomes central: the entrepreneur is compen-
sated only in high-output states, and the investor is paid first. Separately, as the financing
need approaches levered equity’s capacity ji, both debt and unlevered equity dominate lev-
ered equity because they preserve the entrepreneur’s exposure to high-output states and
therefore provide stronger incentives. Thus, the financing contract favored by the canonical

moral-hazard model depends fundamentally on the amount that must be raised.
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Appendix

Proof of Lemma : The FOA is valid if the objective function fgu(W—i- w(q))f(qle)dq —
C(e) is concave in e: Thus, the FOA is valid if:

2

|l s v aleda < ') ve (1)

From bilateral limited liability, w(q) € [0, ¢ for all . We have:

[+ wi@) 5 alerda

el 3Ll

since u is monotonically increasing and concave. Therefore, a sufficient condition for equa-

tion is:

< /quax{(u(W)—i- (W) max{g.0}) =5 7

— [10°f — 7 0*f "
u(W)/ 502 —=(qle)dq +u (W)/ g max { 502 (q]e),O} dqg < C"(e) Ve. (12)
0 0
Rewriting using fo 5 L(qle)dg = ae fo (gqle)dg = 0, the definition of K, gives Lemma [ |

Proof of Lemma |3; Under , the entrepreneur’s effort maximization problem is strictly
concave, so the optimal effort is unique and, by the maximum theorem, it varies continuously
with the parameter of each of the three one-parameter contract families. Therefore the
investor’s expected payoff is continuous in each parameter.

For levered equity, the investor’s expected payoff is zero at D, = § and strictly positive at
any D, < q. For unlevered equity, it is zero at a = 0 and strictly positive at any o > 0. For
debt, it is zero at Dy = 0 and strictly positive at any D,; > 0. Hence, by the intermediate
value theorem, each parameter can be chosen to raise any sufficiently small positive amount
1.

Next, we establish uniqueness. By condition , continuity, and compactness, there

exists m > 0 such that
Uee(s,e) < —m <0 for every s € Spr, and e € [0, €]. (13)

Let

M, = max elgle)| < oo.
(a,¢)€[0,q]x[0,¢] feldle)

The bounds established above imply that every contract in any of the three families that

raises I converges to the zero contract as I | 0. Since the induced effort is continuous in
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each family parameter and the zero contract induces the interior effort e* € (0,¢é), after
reducing I if necessary, every contract in one of the three families satisfying II(s) = I with
I € (0, 1) induces an interior effort.

We first establish a comparison that applies to all three families. Let s; and sy be two

contracts in the same family satisfying I1(s;) = I1(sg) = I, and suppose that

s1(q) < s2(q)  for every g,

with strict inequality on a set of positive Lebesgue measure. Let e; := e(s;), for i = 1,2,
and define

q
A= / (s2(q) — s1(q))dg > 0.
0
Given that e; and ey are interior, they satisfy
Ue(81,€1) = Ue(827€2) =0.
Applying the mean-value theorem to U, (ss, -), for some € between e; and ey,
0 = Uec(s2,€2) — Ue(s1,€1)
= Uee(52,€)(e2 — 1) + Ue(s2, 1) — Uc(51, €1).
Consequently, using ,
m“e? - 61’ < ’Ue(827 61) - Ue(Sh 61)‘

q

[u(W +q — s2(q)) —u(W +q—51(q))] fe(qler)dq

<y (W)M, /Oq(SQ(q) — s1(q))dq.

Thus, o
u' (W)M,

lea —eq| < A. (14)

We can now compare the investor’s expected payments. We have

H(s,) — 1(s) = / (s2a) — 51(0)) F(alea)dq

+ /Oqsl(Q) [/ (ale2) — f(aler)]dg

Since f(gle) > J, the first term is at least 0A. By the mean-value theorem in effort and
, the absolute value of the second term is bounded above by

W)MZ . [?
M|62—61|/ q)dg < w(W) eA/ 1(q)dq.
0

m
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Moreover, because I1(sy) = I and f > 4,

a I
JROES
0

It follows that U
M(sy) — T1(s) > (5 - M}) A. (15)

Shrinking I once more if necessary, we may ensure that

u' (W) M? _

§— €I >0  forevery I € (0,1).

mo
Equation then implies
H(Sg) > H(Sl),

contradicting I1(s;) = I1(sy) = 1.

Finally, each of the three families is strictly ordered pointwise by its parameter:

ars >ap = s02(q) > sat(q) for every g,

u

with strict inequality for every ¢ > 0;

Dys>Dgy1 = sdDd’Q(q) > sfl)d’l(q) for every q,

with strict inequality on a set of positive measure; and

Dys > Dy = Sf“ (q) < SZD“(q) for every g,
again with strict inequality on a set of positive measure. Hence, two distinct parameters
in any one of the three families cannot both give the investor the same sufficiently small
expected payment . This proves that D}, of, and D} are unique.
It remains to show that any such contract is close to the zero-financing contract. Since

f(qle) > > 0 for all q,e, any levered-equity contract that raises I satisfies

q q )
1= ["ta= DD staletsnds > 5 [ (o Dida = S(a- DI 20
0 D,
Thus D} — g as I — 0. Similarly, for unlevered equity,
q q Sala?
f=/ o'qf(qle(sa))dg > 50// qdq = a2q >0,
0 0

so al — 0 as I — 0. Finally, for debt,

- / min{g, D} £ (qle(s4))dq > & / min{g, D}}dg
0 0
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Since )
(Da)” _ 4Dy
2 = 2

/ min{g, Dd}dq = qu -

we have

=~
IZéqu,

and therefore D} — 0 as I — 0. [ ]

Proof of Lemma |2} Since f(gle) > ¢ and s(g) > 0, the investor’s break-even constraint

- [s@stdetnin=s [swar = [ s <3 (16

Since the utility function is continuously differentiable on [W, W + gq|, we have «/(W) =
max,, ' (w). Likewise, define f := max,. f(qle). We have 0 < u(W +q) —u(W +q—s(q)) <

u'(W)s(q) for every ¢ (since u is increasing and s(g) > 0 for any ¢), so for every e,

implies

0(0.0) = Uls.e) <o/(W) [ sto)flaledda < o VF [ stardy < OV)F5, ()

and U(s,-) — U(0,-) uniformly in e € [0,¢] and s € Sy, as I — 0. By the condition in
Lemmal [l U(s,) is strictly concave in e for every s € Sy, so its maximizer e(s) is unique.
In particular, U(0, ) is maximized by e* € (0,€), where U, (0, e*) < 0. The convergence is
uniform and e* is the unique maximizer of U(0, -), so that we have e(s) — e* uniformly in
s as I — 0. So there is I > 0 such that e(s) € (0,€) whenever I < I.

Differentiating the entrepreneur’s objective function with respect to effort:

s = | "W + g = 5(0)) £ (gle)dq — C'e).

Since e* is the interior maximizer of U(0, -), we have U.(0,e*) = 0, and U,.(0, e*) < 0 by the
condition in Lemma [I] Likewise, since e(s) € (0,€) is the interior maximizer of Ul(s,-), it
is described by the first-order condition (FOC) U,(s,e(s)) = 0. Subtracting the two FOCs

and applying the mean value theorem to U,(s, ) between e* and e(s):
0= Ue(s,e(s)) — Ue(0,€*) = Uc(s,€*) — Uc(0,€") + Uec(s, €) (e(s) — €*),

for some é € (min{e*, e(s)}, max{e*,e(s)}), where, letting M. := sup,.|fc(qle)| (which is

finite since f, is bounded):
U0.6) = Us.e®) = [ (w7 +0) = (W + 0= @) £ lale)dy

S U0, = Ul(s,et)| < u’(W)Me/O s(q)dg < o (WM,



From the condition in Lemma [1 |U(s,€)| > m > 0 uniformly in s € S;;, and ¢ € [0,€], so
that:

~ |Ue(s,e") — U.(0,¢")| < u' (W) M,
B |Uee(s, €)] - m

‘e(s) —e = Kil. (18)

SN

This establishes part (i).

The effort e(s) is an interior maximizer of U(s,-), which implies U.(s,e(s)) = 0. A
second-order Taylor expansion of Uf(s,e) around e(s) gives, for some é in-between e* and
e(s),

U(s,e*) =U(s,e(s)) + Ue(s,e(s)) (e —e(s)) + %Uee(s, é) (e" — e(s))Q, (19)

where Ul(s, e(s)) > Ul(s, e*) since the entrepreneur chooses effort e(s) optimally. In addition,
Uee(s,€) = [u(W + q — s(¢)) fee(qle)dg — C"(e) is uniformly bounded (since u bounded on
the compact wealth interval, f.. bounded, C” continuous on the compact set [0,€]), so that

there is a positive finite constant U such that U,(s,e) > —U. In sum, combining with

equations and (19):
1—

0<U(s,e(s)) —U(s,e") < QU(KJ) = 1UK; I? = Ko I*.

This establishes part (ii). |

Proof of Theorem [} We first prove the ranking for the contracts normalized at the
benchmark effort, i.e. each parameter is chosen so that foq s(q) f(qle*)dq = I, and then show
that the same strict ranking V'(s,) > V'(s,) > V(s4) holds when the contract is such that
each break-even constraint is satisfied at the equilibrium effort: fo )f(qle(s))dg = 1.

We denote by § the benchmark-normalized version of a given contract s. Using |e(s) —
e*| < KyI and fo q)dg < I from Lemmaand its proof:

(Aqd@(ﬂﬂﬁ)_f@k@»ﬁM’<A4‘ et [ stta - 01,

where M, is defined in the proof of Lemma [2] so the expected payoffs of s and § at e* differ
by O(I%). The only difference between the two contracts is the value of a parameter, and

each contract is monotone in that parameter, so s(q) — §(q) has the same sign for all q.

Thus,
/| ~ 5(q)) flgle”)dg (4@—5@»ﬂﬂam4=ou%,

and since f(qle) > 6 and |u(a) —u(b)| < u'(W)|a—b| on [W, W 47, the objective functions
satisfy |V (s) —V(8)| = O(I?). Since the ranking gaps established below are of order I, they
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dominate this O(I?) discrepancy, so the strict ranking proven under the benchmark normal-
ization also holds for the contracts considered. Accordingly, we set contract parameters so
that fo f(qle*)dq = 1.

Define the expected output for a self-financed entrepreneur as p := foa q f(qle*)dq. For
a small I, the contract parameters are interior: o = ﬁ € (0,1), while lim; ,, D, = § and

lim;_o Dy = 0, and these two thresholds are continuous and monotone in /. Define:

O(s) :=U(0,¢e") —U(s,e*) = /Oq (u (W—I— q) —u (W—I— q— s(q))) f(qle®)dq

From Lemma 2| V(s) = U(s,e(s)) = U(0,e*) — ®(s) + p(s), where p(s) := U(s,e(s)) —
U(s,€*) is such that

0 < p(s) < KyI? (20)

by part (ii) of Lemma [2] Since u is three times continuously differentiable on the compact
interval [W, W +g|, a second-order Taylor expansion gives:
7 avva * 1 7 12 *
O(s) = | W (W+a)s(g)flale’)dg—5 | uflqle")dq (21)
0 0

J/

-~

R(s)

for some &(q) € (W + ¢ — s(q), W + q), where R(s) is nonnegative and such that:

Ris) < 5 (max o)) [ (50 ale” )

w

Each contract has max, s(¢) — 0 as I — 0, so that:

[ st (ale")da < maxsta) [ s(a)fale’)da = maxs(a)1 = ofD)

This implies R(s) = o(I). Thus, for any two of the contracts si, ss, we have [(s1(q) —
s2(q)) f(qle*)dg = 0 and:

D(s1) — B(s2) = /Oq u'(W+q) (s1(q) — s2(q)) f(gle")dg + o(1)
= cov ('(W +q), s1(q) — s2(q)) + o(I). (22)

Applying the equality on the first line of equation separately to the s, and s, pair and
the sq and s, pair, substituting s,(q) = ﬁq, and using the continuity of marginal utility
with hm]_m Dg = q and lim]_m Dd = 0,

B(s,) — Bsy) = ﬁ /Oqu'<W+q>qf<q|e*>dq—f (W 1) +oll), (23)

D(sq) — P(s,) = /Oq u' (W + q) (min{q, D.} — f(qle")dq + o(1). (24)

EI'N
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Dividing by I and using lim;_,o D; = @, lim;_o Dg = 0 (so that [ «/(W-+q) min{q, D4} f(qle*)dq
I [W (W +q)f(qle*)dq + o(I) as I — 0) and continuous marginal utility:

e 7 e =0 /% /“/(W +¢)af(gle”)dg —u' (W +7) (25)
®(s4) ; ®(su) — —%cov (u'(W +q), q) (26)

The expression on the RHS of equation (25)) is strictly positive because u'(W+¢q) > o/ (W +7).
The expression on the RHS of equation is strictly positive because marginal utility is
strictly decreasing. It follows that there exist x > 0 and Iy > 0 such that ®(s,) —®(s;) > I
and ®(sq) — ®(s,) > wl for I € (0,1).

In sum, V(sp) — V(sy) = ®(s4) — D(s¢) + p(s¢) — p(s4) > wI — KyI?, which is positive
for I < min{ly, x/Ky} =: I, and likewise V(s,) — V(s4) > 0; s0 V(s7) > V(s,) > V(s4) for
I€(0,1). u
Proof of Proposition (1 Any second-best contract s with induced effort e(s) is feasible

when effort is contractible so V2 > V*. A levered equity financing contract s, is feasible at

the second-best. Applying equation to contract s, and using p(s;) > 0 from equation

(20):
V* > V(s)) =U(0,€") — D(s) + p(se) > U(0,€*) — D(sy).

The rest of the proof will derive the upper bound:

VEB <U(0,e*) — ®(sy) + 0(12), (27)

which then implies VEB — V* < K T2 for some finite K, and Y- = < KI—0asI—0.
From Proposition , for each effort e, the feasible contract that minimizes U(0,e)—U(s, e)
is a levered equity contract s§. Writing ®¢(s§) := U(0,¢e) — U(s§,e) > 0 for this minimized
cost,
VB = max U(sf, e) = max {U(0,e) — ®°(s5)} . (28)

e€[0,e] e€[0,e]
The envelope theorem applied to sj, with Lagrange multiplier associated with the in-

vestor’s break-even constraint for given effort e of v, = u/(W + D§) < u'(W), gives:

Sa(sp) = [ @+ 0) a0V 44— ) £laida —ve [ i@ (alda. (9

Using IU(W+Q)—U(W3LQ—S( )| < u'(W)s(q), ve < u'(W), | feldle)| < M. == sup, | fe(qle)],
and the size bound foq s5(q)dq < & 5> each of the two terms on the RHS of equation is

lower than u'(W)M.%, so

d
de

— I
< 2u'(W)M,~

—0(sp)| < 5 = o). (30)
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The objective U(0,-) is strictly concave, reaches its peak at e* (U.(0,e*) = 0), and
satisfies Uee(0, ) < —m < 0 (cf. condition in Lemma, soU(0,e)—U(0,e*) < —Z(e—e*)*.

Subtracting the value at e* and using equation , for every e,

U(0,€) ~ ¥ (s5) — [U(0,7) ~ ¥ (55)] < (e~ ')+ 20/ (W) Moo

2
_@uME) e LY
— o g —§(|e—e]—2u(W)Me%>
< (2u’(V;/721M6§) — o(I%). (31)
Also using equation :
VEB = max {U(0,¢e) — ®°(s5)} < U(0,e*) — (55 ) + O(I?). (32)

e€[0,e]
The contract ¢ has benchmark cost 1(s¢’) = I, whereas s, has I(s;) = I + O(I2).
Applying to s¢,
O (sf) = B(sf) = B(se) + o (W + Do) (1(s7) = I(s0)) = @(s0) = O(I*),

That is, ®(s¢) < & (s¢) + O(I?). Combining with equation gives (27). Also using
P(s

V* > U(0,e*) — ®(sy) established above, we get:

VFB —V* S [A(]'Q

for a finite constant K, therefore VFBI_V* <KI—0asI—0. |

Proof of Corollary : A Taylor expansion of v around W + ¢ gives:
u(W — I+ q) = u(W + q) — Iu/(W + q) + O(I?) (33)

uniformly in ¢q. Given U.(0,e*) = 0, the change in the optimal level of effort only has a

second order effect on the objective function with self-financing, which is:

q —
U©.e)~1 [ WV +q) flale’)d + O(P). 39
0
Using Theorem [2] and equation in the proof of Theorem (1 (where R(s) = o([)):
V*=U(0,¢") — @(s¢) + O(I*) = U(0,¢") — /u'(W+ @)se(q) f(qle")dg +o(I).  (35)

Combining equations (34)) and (| ., and using [ s,(q)f(qle*)dg = I + O(I?), the difference
between the entrepreneur’s objective function at the second—best with external funding and

with internal funding is:

I/U'<W+Q)f(QI€*)dq—/U’(W+Q)Se<Q)f(Q|e*)dq+0(1) = —cov (u'(W + q), s¢(q)) + o(I).(36)
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Since marginal utility is strictly decreasing and sy(q) = max{q — Dy, 0} is nondecreasing
and nonconstant, the covariance in equation is strictly negative. To determine the

order of this covariance, let
9(q) == ' (W +q)
and let E, and cov, denote expectation and covariance under the density f(gle*). Write
st(q) = (¢ — D})™ and define
my = Ey[s7(q)].
As established above,
mp =1+ 0(1%), B3

and Lemma implies that D! — G as I | 0.
Since sf(q) = 0 for ¢ < D!, we have

E.[g(q)s;(q)]

—9(6)‘ =

< sup |g(q) —g9(@)|.
q€[D} g

The function g is continuous and D} — @, so that the RHS converges to zero. Thus,
E.[g(q)s;(a)] = g(@mr + o(mr) = (@)1 + o(1). (36b)
It follows that

—cov.(9(q), st(q)) = Eilg(q)lm; — E.[g(q)st(q)]

= I (E.[g(0)] = 9(q)) + o(]). (36F)
Moreover,
c:=E.[g(q)] — 9(7) = /Oq [W'(W+q) = ' (W +7)] f(gle")dg > 0,
because u' is strictly decreasing and f(g|e*) > 0 on [0,q]. Therefore,
—cov. (u' (W + q), 5;(q)) = el + o(I). (Bok)
Finally, using m; = I + O(I?),

IE.[9(q)] — E.[g(q)s;(q)] = —covi(g(q), s () + (I — mp)E.[g(q)]
=cl +o(I).
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Thus, including the o(I) remainder already present in equation , the difference between

the entrepreneur’s value under external and internal financing is
cl +o(1), c>0.

In particular, it is strictly positive for all sufficiently small I and is of order I. |

Proof of Theorem : The investor payoff with a levered equity contract is: sy(q) =
max{q — Dy,0}. For a small I, the threshold D, that satisfies the investor’s break-even
constraint is such that D, € (0,q), with D, /G as I — 0. As in the proof of Theorem
[} define ®(s) := U(0,¢e*) — U(s,e*) > 0 and p(s) := U(s,e(s)) — U(s,e*), so that V(s) =
U(O e*) P(s ) + p( ) with 0 < p(s) < K»I? by part (ii) of Lemma 2] Given a contract s,
let I fo f(qle*)dq be its expected cost evaluated at the benchmark effort.

We will shovv that for every ¢ and every s(q) € [0, q],

u(W+q—s(q) <u(W+q—si(q) +u (W+ Dy) (s0(q) — s(q)) - (37)

where o’ (W—l— Dg) € (0,u/(W)). The argument is based on a supporting-hyperplane in-
equality for sy(¢) = max{q — D;,0}. With a concave utility function, we have u(y) <
u(z) + o' (z)(y — ). Applying this inequality to 2 = W + ¢ — s¢(q) and y = W + ¢ — s(q)
gives

u(W +q = s(q)) < u(W +q = se(q)) + ' (W +q = se(q)) (se(a) — 5(q))
Thus, a sufficient condition for is:

(W' (W +q = se(q)) — u'(W + Dy)) (sea) — s(q)) < 0. (38)

There are two cases. First, if ¢ > Dy then sy(q) = ¢ — Dy and the entrepreneur’s wealth
is W +q — si(q) = W + Dy, so the LHS of equation is zero. Second, if ¢ < D, then
se(q) = 0, the entrepreneur’s wealth is W + ¢ < W + Dy, so o/ (W + q) — u'(W + D;) > 0
(marginal utility is decreasing), while s,(¢q) — s(q) = —s(q) < 0, so the LHS of equation (38)
is nonpositive. This establishes .
Integrating and using U(s, e*) = U(0,e*) — ®(s) gives, for any contract such that
s(q) € 10,4,
O(s) > D(se) +u' (W + Dy) (f(s) . f(sK)) . (39)

At equal benchmark cost, | (s) = T (s¢), inequality reduces to ®(s) > P(sy): levered
equity minimizes the risk-transfer cost ® among all contracts in Sy, with the same bench-
mark cost. More generally, (39) is a linear lower bound on ® that holds with equality at
contract s: it is a supporting hyperplane to ® at s, with slope u/(W + D,). It allows to

extend the equal-cost minimization to contracts of arbitrary benchmark cost.
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The contract’s expected cost evaluated at the benchmark effort e* differs from its cost
at the induced effort e(s) (which equals I by feasibility) only at the second order. For any
feasible contract s (with [ s(q)f(gle(s))dg = I) fo q)dg < % and |e(s) — e*| < Kyl by

Lemma [2] so

(5)— 1] = \/ Flale”) <q|e<s>>}dq]<M\ —e|/ pdg< YL

where M, = sup, |f.(qle)|. Since s, is feasible, the same bound gives ‘T(Sg) — 1| < Mfap2

Using the triangle inequality,

2M K4
)

‘ ~ ~ o~

I(s) = I(se)| < |I(s) — I + T — I(s0)] < I’

Combined with «'(W + D) < (W), inequality then yields:

MK,

B(s) = D(se) — /' (W + Do) [1(s) = I(s0)| = @(s0) — 20/ (W) I (40)

For part (i), since holds for every s € Sy, any feasible contract s is such that:

V(s)=U(0,€e*) — ®(s) + p(s) < U(0,e") — D(s¢) + (2u’(W) MzKl + Kg) 1% (41)

In particular,

V*<U(0,e*) — B(sy) + (zu’(W) MEKl ) 2.

Since V(sg) = U(0,€e*) — P(sy) + p(s¢) > U(0,€e*) — P(sy) (using p(sg) > 0 from part (ii) of
Lemma , combining these inequalities gives V* —V (s;) < KI?, where K := 2u/ (W)% +
K.

For part (ii), the proof of Theorem [l established for benchmark-normalized contracts
that, for small I, ®(s,) — P(s;) > kI and ®(s4) — P(s,) > kI for some £ > 0. Adding these
two inequalities gives ®(s;)—P(s,) > 2kI. For the contracts such that [ s(¢)f(¢le(s))dg = I,
the normalization step at the beginning of the proof of Theorem |1 shows that foq 1s(q) —
5(q)|f(qle*)dq = O(I?), where 5 denotes the benchmark-normalized contract from the same
family. Since |u(W + q — 3(q)) — u(W +q — s(q))| < v’ (W) |s(q) — 5(q)| pointwise, taking
the expectation at the benchmark effort gives |®(s) — ®(3)| < v/ (W)O(I?) = O(I?), which
does not reverse the first-order differences between the contracts.

In sum, there exists xy > 0 such that ®(s,) — ®(s¢) > kol and D(sq) — P(sg) > kol for
small I. Since V* > V(s;) > U(0,¢e*) — ®(s;) while V(s,) < U(0,e*) — ®(s,) + KoI?,

V*—V(sy) > ®(sy) — ®(s¢) — KoI? > kol — KoI? > kI
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for small I and a suitable £ > 0; the same holds for debt. Choosing I small enough completes

the proof. ]

Proof of Proposition [3; For any contract, the entrepreneur’s payoff is w(q) = ¢ — s(q)
and his objective function is:
q
o) = max { [0 (7 + wl@) stlda - ()}

The entrepreneur’s objective function is strictly concave in effort (Lemma , so the effort
induced is unique. Since the entrepreneur’s payoff at any ¢ is continuous in each contract
parameter (Dy, Dy, «) and uniformly bounded, the Maximum Theorem implies that the
induced effort, V', and II are continuous functions of each contract parameter.

With levered equity financing, the entrepreneur’s payoff is wy(q) = min{q, D,} and the
investor’s payoff is s,(q¢) = max{q — Dy, 0}. The latter is decreasing in Dy, so an increase in
I lowers D,. The entrepreneur’s payoff is capped at D,. At D, = 0, the LHS of the IC is

such that: .

d _
_/ u (W +we(q)) fe(ale)dg = u'( / fe(qle)dg =0,
dDy Jo

This means that, at D, = 0, a marginal increase in D, does not change the entrepreneur’s

optimally chosen effort. At the same time, at D, = 0, the investor’s payoff decreases one-

- [ statenaa - -

Since I1(s/) is continuous and strictly decreasing in Dy, with II(s,) = i at D, = 0 (where
we(q) = 0 for all ¢, so that e(s;) = 0) and Il(s;) = 0 at Dy = G, every I € (0, /1) is raised
by a unique threshold Dy(/), and Dy(I) — 0 as I * fi. Since V is continuous in D, and
C(0) = 0, the entrepreneur’s objective function is such that, as I 7 ju:

for-one with a marginal increase in Dy:

V(s)) — u(W) (42)

With debt financing, the entrepreneur’s payoff is wy(q) = max{q — Dy, 0}. Fix an effort
level e, and consider two contracts such that the entrepreneur has the same expected utility
at this level of effort. The contract whose payoff is concentrated on high output is associated

with a higher marginal benefit of effort, because:

[ 07+ (@) £tale)dy = con (T + wi@). Lgl))

Indeed, the likelihood ratio L(gle) is increasing in g, while the difference u(W + wq(q)) —
u(W+we(q)) has mean zero under the same output distribution and single-crosses from nega-
tive to positive in g. It follows that cov (w(W + wa(q)), L(gle)) > cov (uw(W + we(q)), L(gle)),
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so at a given effort and expected utility, debt financing provides stronger incentives than
levered equity financing. An analogous argument holds for unlevered equity financing.

By assumption, maxp, I1(s4) > i and max, I1(s,) > f. Consider debt financing, and let
D denote a maximizer of II(s,), which exists because II(s,) is continuous on the compact
interval [0,g]. We know that II(s;) = 0 at Dy = 0 (the investor gets zero for any output),
II(sq) = o at Dy = @ (the investor gets the entire output so that wy(q) = 0 for all ¢ and
e(sq) = 0), and TI(sy) > ji at D by assumption. This implies that D < g. Since II(sy)
is continuous on [0, D], with II(sy) = 0 at Dy = 0 and II(sy) > i at Dy = D, we have
D € (0, D) from the intermediate value theorem with II(s;) = iz at Dy = D. It follows that
the smallest face value D* that raises external funding ji is such that D* < D < D <q.
Applying the same argument to unlevered equity, using I1(s,) = 0 at « = 0 and Il(s,) = i1
at a = 1, shows that the minimum investor stake a* that raises p is such that o* < 1.
At D* and o, the entrepreneur’s payoff is strictly positive on a set of positive measure:
wq(q) = q— D* > 0 for ¢ > D*, and w,(q) = (1 — a*)qg > 0 for ¢ > 0.

Since the entrepreneur chooses effort, he is weakly better off under his optimally chosen

effort level than under zero effort, so for k € {d,u} at I = [,

e€[0,€e]

Vs = max { ["u07 + wntopsaioa - o)}

zlme+wmmmmw—mm
> w(W), (43)

where the last inequality is strict because wy(g) > 0 on a set of positive measure and v’ > 0.

Finally, we show that these strict inequalities hold for all [ sufficiently close to . Let
I € (0,;). Since II(sg) = 0 at Dy = 0 and Il(sy) = p > I at Dy = D*, from the
intermediate value theorem there is a face value in (0, D*) such that the investor breaks
even, so Dy(I) < D*. Likewise, a(I) < «a*. Thus, the entrepreneur’s payoff is weakly
higher, for every ¢, than at D* and o*:

wq(q) =max{q — Dy(I),0} > max{q— D*,0}
wu(q) =(1 —all))g = (1—a)q

so (43), evaluated at D* and at o, bounds V(sq) and V(s,) below by a constant strictly
greater than u(W), uniformly in I € (0, i), while V(s;) — u(W) from equation (42). In
sum, there exists I < i such that V(sq) > V(sy) and V(s,) > V(sg) for all [ € (I, z). W

Proof of Proposition [4: For convenience, define the entrepreneur’s payoff as w(q) =

q — s(q). Note that bilateral monotonicity and bilateral limited liability hold if and only
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if bilateral monotonicity and w(0) = 0 hold. To see this, first note that evaluating limited
liability at ¢ = 0, one finds that w(0) = 0. Moreover, any w that starts at zero and has
slope between 0 and 1 cannot fall below zero and cannot exceed gq.

We start by addressing corner cases. First, suppose that the equilibrium involves zero
effort. Then the investor’s payoff is foq(q —w(q))f(q|0)dg < @, with equality if and only if
w(q) = 0 almost everywhere, since w(q) > 0 and f(gle) > 6 > 0. Moreover, w(q) = 0 for
all ¢ induces zero effort, because the entrepreneur’s objective is then u(W) — C(e), which is
maximized at e = 0. Thus, the optimal contract is such that w(q) = 0 almost everywhere,
i.e., s(q) = q for all ¢, and the Proposition holds for any ¢ > 0. Second, effort e = € is
not incentive-compatible for any feasible contract because of condition . We henceforth
restrict attention to interior levels of effort (e € (0,€)). Then, the incentive constraint can
be written as the entrepreneur’s FOC (see Lemma [1)).

Therefore, the program can be written as:

e[ g wo)] flle)da (14)
st [ ull + w@).ale)ds = €' (45)
0<(q) <1Vqg (46)
w(0) = 0 (47)
Define the likelihood ratio L(gle) := %, so we can write the program as:
s [l —wla) st (48)
st [l +wl@) Lidle)ftale)dg = (0 (49)
0<z(q) <1Vq (50)
i (q) = x(q), (51)
w(0) = (52)

Set up the Hamiltonian:

H = [q—w(q) + (W +w(q)L(gle)] fgle) + pu(q)z(q).

e Pontryagin condition:



e ODE of co-state:
fi(q) = [1 = /(W +w(q))L(gle)] f(gle).

e Transversality: p(g) = 0.

e FOC with respect to an interior level of effort:

/Oq [q — w(q)] fe(ale)dq + A {/Oq u(W +w(q)) fee(gle)dq — C"(e)| =0. (53)

<0 by FOA

The proof of our main result will use the fact that the Lagrange multiplier associated

with IC is non-negative:
Claim 1. A > 0.

Proof. Use the definition of L to write:

/0 g — w(g)] fulgle)dq = / g — w(@) L{gle) fgle)da.

Since h(q) := ¢ — w(q) and L(gle) are both is increasing functions of ¢, it follows by

Chebyshev inequality for monotone functions that

/0 "¢ — w(@)) L(gle) flale)dg > / g — w(g)] f(ale)dg / " L(gle)f(ale)dq = 0.

-~

=0

where the equality at the end follows from the fact that L has mean zero:

[ vterstaons = [ sitea =2 [" slerad] =0

Substituting in (53)), establishes that A > 0. O

We now prove the Proposition. By Pontryagin’s condition and w(0) = 0, it suffices to
show that p(0) < 0. We now show that, in fact, x(0) < —1.

Integrate ODE and use transversality:

)0 = | "L €T + w(@)L(gle)] £lale)da

u(0) = 14 A / " (T + w(g))L{gle) f(gle)da (54)
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Let g(q) := v/(W + w(q)) and note that g is a (weakly) decreasing function. As shown
before, L(gle) is an increasing function of ¢ with mean zero. By Chebyshev inequality for

anti-monotone functions, we have

/0 ' g(@)L(gle) f(gle)dq < / " 9(@)f(ale)dq - / " Llgle) f(qle)dg = 0.

-~

=0

Substituting back in (54)), gives

u(0) = —1 4+ A / " (T + w(g)) Ligle) fgle)dg < —L.
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Online Appendix

At the first-best, the entrepreneur can commit to effort at the contracting stage. In this
sense, there is no moral hazard. Proposition [5| derives the first-best contract when the Let
77 = maxccoz fo ¢ (qle)dg be the largest amount that can be financed when effort is

contractible.

Proposition 5 (First-best contract). For every I € (O,TFB), levered equity financing is
first-best optimal: there exist a first-best effort e? € [0,€] and a threshold DI'P € [0,7)
such that:

VFB:U(sz,eFB), stP(q) = max{q — D[?,0}.

When effort is contractible it is chosen at the contracting stage, so the contract only
matters for risk sharing. Unconstrained risk sharing would involve full insurance of the risk
averse entrepreneur by the risk neutral investor, but bilateral limited liability (s(q) > 0)
prevents the investor from paying the entrepreneur. The best allocation maximizes the
entrepreneur’s payoff in low output states, where his marginal utility is highest, and only
gives the investor a positive payoff in high output states. Thus, the entrepreneur’s claim on
output is capped at DFB. That is, the investor holds a levered equity claim.

This is the same contract that is approximately optimal at the second-best when [ is
small (Proposition : moral hazard does not change the contract, and only distorts the
effort it induces, an effect of second order in I (Lemma . On the contrary, when [ is large
I, the second-best optimal financing contract is debt-like (Proposition , which is the polar
opposite of levered equity. In this case, the agency cost is first order: for incentive purposes,

the entrepreneur must have a highly risk claim on firm output.

Proof of Proposition [5} Consider a contractible level of effort e. The first-best optimal

contract solves

max /Oqu(W+ q—s(q)f(qle)dg  s.t. /Oq s(q)f(qle)dq = 1.

0<s(q)<q

Consider the pointwise optimization. The objective is concave in s and the constraints
are linear, so the Kuhn-Tucker conditions are necessary and sufficient. The entrepreneur’s
marginal utility «/(W 4 ¢ — s(¢)) is constant across all states at which s(¢) € (0,q). At
low output, the constraint s(¢) > 0 binds and we have s(¢) = 0. The optimal contract is

therefore levered equity (a.e.):

s;(q) = max{q — D;,0} for Lebesgue almost every g,



where D € [0,7) is determined by the break-even constraint foq max{q—D{,0} f(qle)dg =1
(the LHS is higher than I at D§ = 0, equal to 0 at Dj = g, and continuous and strictly
decreasing in DY).

The feasible effort set is nonempty (as I < TFB) and compact, and the mapping from
effort to U(s$, e) is continuous, so it reaches its maximum at some effort ef'Z. So VI'B =

U(s¢"™”, eFB) and the first-best contract is levered equity. [

Proof of Proposition |2t We will use the first derivative of the contract:

Fix gy < ¢, and let s be a second-best optimal contract that raises I. We show that if I
is sufficiently small, then s cannot be positive on a positive-measure subset of [0, go].

We first calculate how a small change in the contract affects effort, the entrepreneur’s
value, and the investor’s expected payment. The proof of the effort-distortion lemma uses
only bilateral limited liability. It therefore implies that, uniformly over all feasible contracts

and all sufficiently small I, the induced effort e(s) is interior and
Uce(s,e(s)) < —m <0

for some constant m. It also gives

4 I
/ s(q)dq < 5
0

For any bounded measurable function h, consider the perturbed contract s, = s + eh.
The implicit-function theorem applies to the entrepreneur’s first-order condition (his effort is
interior and his objective function is uniformly strictly concave in effort). Writing e = e(s),

differentiation at ¢ = 0 gives

/Oq o' (W + q — s(g)h(q) f.(qle)dq
Uee(S, 6) :

De(s)[h] =
Since v’ and f, are bounded and U, (s, e) < —m, there is a constant K, independent of s,
I, and h, such that )
q
De(s)lhll < K [ Ih(a)lda
0

The envelope theorem gives

DV(s)[h] = — / (T 4 q— s(a)h(a)f (dle)da.

Differentiating the investor’s expected payment gives
q

DII(s)[h] = / h@) Sl + Deh] [ 50l

0
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Since f is bounded and [ s(q)dg < 1/,

[ stosaon) - o,

Consequently,

o = [ wastaieda+oa) | ' |h()da. (A1)

where the O(I) bound is uniform over all feasible contracts.
Suppose, toward a contradiction, that s is positive on a positive-measure subset of [0, go].

There then exist 7 > 0 and a measurable set A C [0, go] of positive measure such that

s(q) >n for every q € A.

Choose gy < q1 < q2 < ¢ and set d := #5% . Consider the set

B:={q € lq,q]:s(q <d}.

Since

1 I
dHQb(h]\B‘ S/ S(Q)dQSga
0

the set B has positive measure whenever [ is sufficiently small. Moreover, on B,

o+ ¢1
2

q—s(Q)>q—d= > qo-

Thus payments can be reduced slightly on A and increased slightly on B without violating
bilateral limited liability.

Normalize the two perturbations by defining

a(g) = La(q) o bg) = 15(q) '
/A f(tle)dt f(tle)dt

Then 7 .
[ atsalerta = [ v salean = 1.
>0,

Furthermore, since f(qle)

q 1 q 1
[awass [owde<s
0 0

For small «, 8 > 0, define s, 3 := s — aa + 8b. By the definitions of A and B, this
contract satisfies 0 < s, 3(¢) < ¢ when «a and § are sufficiently small. Applying (A.1)) to a

and b gives
DII(s)[a] = 14+ O(I), DII(s)[b] =14 O(I).



It follows from the implicit-function theorem that, for small «, there is a differentiable
function S(«) with 5(0) = 0 such that

H(Saﬁ(a)) = I

and
DS
7O = B

Thus the perturbation preserves the investor’s break-even constraint exactly.

=1+ 0(I).

Using the envelope formula, the effect on the entrepreneur’s value is

d

2oV (Sa5(e)

_ / o)l (7 + ¢ - 5(a)) flale)da

a=0

q —
= 50) [ Mo OV + 4= s(@) Flale)da
0
On A, the entrepreneur’s retained output satisfies

q—s(q) <q<qo,

whereas on B,

Qo+ q1

q—s(q) > 5

Since v’ is strictly decreasing and the two perturbations were normalized to integrate to one

under f(-|e), we obtain

d _ _
EV(SQ,B(Q)) > ' (W + qo) — (1+0(I))u (W + W) .

a=0

Strict concavity of u implies u/(W 4 qo) > v/ (W + %) , so the derivative above is strictly
positive for all sufficiently small I. Hence, for a sufficiently small o > 0, the contract s, g(a)
satisfies bilateral limited liability, gives the investor the same expected payment I, and gives
the entrepreneur strictly greater utility. This contradicts the optimality of s.

Therefore, for sufficiently small I, every second-best optimal contract satisfies s(q) = 0

for almost every ¢ € [0, go]- [
Lemma 4 (Effort productivity). If C'(0) = 0 and

M@V)wv@JXﬂm)mm{L@m%gﬁg%%@ED} > C"(0), (A.2)

where the covariance is taken under the output distribution with zero effort, then

max II(sg) > and max Il(s,) > p.
oty Tl(sa) > 7 qoox M) > 7



Proof of Lemma We show each inequality by perturbing the relevant contract away
from the zero-effort corner.

First, consider debt financing with s;5,(¢) = min{q, g — dq}, which gives the entrepreneur
a payoff ws, = max{q — G + 4,0} < 4. With the FOA, the equilibrium effort is such
that [ u(W + ws,) f.(qle)dg = C’(e); expanding u(-) around W and using [ f.(qle)dq = 0
shows that the LHS is equal to Ju/(W)f.(g|0)d3 + 0(63). With C'(0) = 0, this gives e(dq) =
%Wéﬁ + 0(0%). Then

M(se) = covla, al0))e(da) — 3 /@0)63 + o(d3)

_ f(@o) [U’(W)L(G\O)COV(% L(q[0))
2 C(0)

- 1] 53+ 0(03), (A.3)

which is strictly positive for small 64 under condition (A.2)).
Second, consider unlevered equity financing with a = 1 — d,, so the entrepreneur gets a
fraction d,q of output. The IC gives e(f,) = cov(qsL((ﬂO))éa + 0(da), and

C//(O
. (W) (cov(g, L(g]0)))*
H(Su) - K = O [ C”(O) —ul + O((sa),
which is strictly positive for small §, under condition (A.2)). [

Define
= / 3(a)f(alé)dq

where § and é are the solutions to the program in equation , as the highest amount that
an entrepreneur can raise within S,,. In Remark [ we also assume that effort increases
pledgeable income, in the sense that the highest possible amount I that the firm can raise

externally exceeds expected output under zero effort, i.e. I* > [.

Remark 1 (Levered equity cannot finance a large I). If I* > [i, then the highest possible

value of the investor’s claim under levered equity financing is strictly less than I*.

Remark [1f and Proposition 4| imply that a large financing need (when I is sufficiently
high but less than I*) can be financed by the debt-like optimal contract of Proposition ,
but not by levered equity.[] The reason is that the highest pledgeable income is obtained
with a financing contract that gives the investor a senior claim and the entrepreneur a
junior claim on firm output, so that the entrepreneur is paid zero for low output and is

the residual claimant for high output. Levered equity financing does the opposite: the

TAt I = I*, the contract characterized in Proposition [4|is the only feasible financing instrument.



entrepreneur is paid first, with a senior claim, and his payoff is capped for high output.
This lowers effort incentives, the expected value of the project, and pledgeable income.
When the financing need is sufficiently high, levered equity financing is not feasible even
though debt-like financing is possible.
Proof of Remark [T Given Dy, the levered equity contract gives the entrepreneur a payoff
wy(q) = min{q, Dg} which is feasible for the program of Proposition [4] in equations (44)-([47),
so I(sy) := fo se(q) f(qle(se))dg < I* for every D,. With the FOA, II(s,) is continuous in
D, in the interval [0, g], so it reaches its maximum at some Dj.

If D > 0, then wy(q) = ¢ > 0 for 0 < ¢ < D;. We know from Proposition (4| that this
contract does not maximize the amount of funding that can be raised, i.e. II(s,) < I*.

If D} = 0, the contract is such that s(q) = ¢ for all ¢, so that w(q) = 0 for all ¢, incentive
compatibility gives e = 0, and TI(s;) = i, which is strictly less than I* by assumption.

In any case, we have maxp,cjog H(se) < I*. |
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